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Abstract

‘We consider variations of the simplest one-dimensional
linear control system in which communication hetween
the sensor and the controller is constrained by a bi-
nary communication channel. The link between the
controller and the plant is not constrained. We study
the limits imposed by the channel on the controller’s
ability to estimate the state and achieve stability. For
discrete-time systems, several such limits have been
published in the literature. We first derive these limits
as bounds on the state transition matrix of the linear
system then we investigate extensions for the cases (1}
unknown initial conditions, (2) unrknown state transi-
tion matrix and (3) noisy binary communication chan-
nels. For continuous-time systems, we consider a bi-
nary queue as the communication link. For this case,
we also derive the bounds on the gain matrix of the
linear system. To our knowledge this is the first time
a binary queue has been studied as the communication
link in the proposed setting.

1 Introduction

We consider variations of the simplest one-dimensicnal
discrete-time linear control system in which commu-
nication between the sensor and the controller is con-
strained by a binary communication channel. The link
between the controller and the plant is not constrained.
We study the limits imposed by the channel on the
controller’s ability to estimate the state and achieve
stability.

We first reproduce the results of Tatikonda for discrete-
time systems and demonstrate that |a| < 2 (where a is
the transition matrix of the linear system) is a neces-
sary and sufficient condition for achieving stability for
a noiseless binary channel (Theorems 1,2). This result
is valid when a is known to the controller. We continue
the investigation by looking at noisy binary channels
and derive similar bounds on |a| (Theorem 3). We then
look at the case where a is not known to the controller
and propose a different bound on the plant (Theorem
4). We conclude our investigation of discrete-time sys-
tems by demonstrating the relationship between the
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Shannon capacity of an arbitrary channel and different
modes of stability.

We next study a continuous-time version of the sys-
tem with the same {echnical setup as above: the link
between the sensors and the controller is a binary
communication channel. In the spirit of Astrom [4]
we consider an event-based control policy to compare
the fundamental bounds imposed on the plant and
the controller. Astrom compares such an event-based
continuous-time controller with the discretized LQG
controller and demonstrates that the system variance-
to-control intervention frequency ratio is on average
better for the event-based controller. However, the
comparison excludes several information-theoretic as-
pects of both the discretized system and the continucus
event-based system.

We probe further into this example by taking the com-
munication link to be a queue. In particular we produce
a stability result that is completely characterized by the
service distribution of the queue (Thecrem 35) and we
discuss the information-theoretic implications of this
result. Since queueing networks are good mathemati-
cal models of many communication networks, our setup
offers an alternate approach to the study of networked
control systems. which was the subject of a recent issue
of the IEEE Control Systems Magazine [5].

2 Discrete-time systems

We start with a first-order, unstable discrete-time sys-
tem,

(1)

where wy € [~-W, W] is a bounded unknown distur-
bance. An encoder emits a binary signal z; € {-1,1}
based on the observations x* = (g, ---,zx) up to time
k. So the encoder is described by functions ¢,

Zpyr = aZg +wy, k20,

z = $r(z®), k> 0.

At time k the decoder receives z;. Based on its observa-
tions z¥ = (2p,- - -, 2}, the decoder makes an estimate
Zr of zi. So the decoder is described by functions by,

Fi = u’)k(zk), k>0



The problem is to design {¢x, ¢k} so that the error
in the estimate is bounded, or to determine if no such
encoder-decoder pair exists.

Theorem 1 (Tatikonda) Suppose xq is unknown but
bounded, |zo| £ A. Suppose the decoder knows a. If
le| < 2, there is a bounded-error encoder-decoder pair
so that

supjzy — I < oo,

k>0

If ja| > 2 no such pair exists.

Proof We construct the required pair. At each k, the
decoder determines an uncertainty interval [l u;] that
is guaranieed to contain xx and selects the estimate
to be the mid-point of this interval, %(lk + g ),
starting with [(lp, ug] = [-A, A]. Observe that at each
time k, the encoder can also calculate #;. The encoder
selects zx41 85 2pp1 = 1 if k41 2 adg and zp4y = —1,
otherwise. Upon receiving zr+1, the decoder selects
([rtrs wrr1] by

[ay, aux + W)
[alk - Ir’V, ai‘k]

_ if ka4l = 1
[Tesr,upsr] = { if Zja1 = —1
{2)
Since zpy) = axg + wy € allk, ug] + [-W, W] it follows
that Tx41 € [fk+1.urw1]. The size of the uncertainty
interval evolves as

a
U1 — bey1 = E(uk =)+ W,

which remains bounded if |a| < 2.

On the other hand, at time k, xx E;‘;& AT

el =1y gy,

la]—1
By time & the decoder has observed 2% possible values
of z*, based on which it could have made 2* possible
point estimates ¥(z*). Hence the worst estimation
error is at least

can be any point in the interval X =

max min |z — ¢ (s%)] > 211/@‘-6—:-1--1—

T€X5 U M= g =1 gk
which is unbounded if |g| > 2. a
Now suppose that =g is completely unknown.

Tatikonda {1] proposes a two-phase version of the
encoder-decoder pair to handle this case. In the first
phase, the state space is erplored to find an interval
[{;, ug] that is guaranteed to contain xz. In the sec-
ond phase the encoder-decoder pair is applied with the
starting time & = k instead of & = 0. However, his
method requires the use of an auxiliary marker symbol
to indicate the end of the exploration phase, i.e. the
time k.

Corollary 1 Suppose 15 is completely unknown.
Suppose |a] < 2, and suppose the decoder knows
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a. Then there is an asymptotically bounded-error
encoder-decoder pair) so that

limsup |z — x| < 0o
k—o0
If |a| > 2 no such pair exists.

Proof If |a] > 2 Theorem 1 implies that no such pair
exists. Take |a| < 2. Once again, at each k, the decoder
determines an uncertainty interval [, u;] that is even-
tually guaranteed to contain i and selects the estimate
to be the mid-point of this interval, &, = %(lk + uy),
starting with {ig, up] = [~1,1].

If £ is a power of 2 (ie. for k = 1,2,4,8,...) the
encoder selects 21 = 1 if 24 € [lk, ue] and 2z = =1
otherwise. If k is not a power of 2 the encoder selects
Zrey1 = 1 if 2ey1 2 ady and 2p41 = —1, otherwise.

If k is a power of 2, upon receiving zx1, the decoder
selects [lg41, Uk+1] by

k k

[rs1surg1] = {—2“1 - Z 2, 2kt 4 Z 2*“/’}

i=0 i=0
if g4l = 1 and

[l 1; wpt1) = faly — W, auy + W]

if Zpq1 1. When k is not a power of 2, the decoder
selects [lx41,up+1] as in (2). Since |a| < 2, there is
some power of 2, denote it by k, so that the interval

[_ (Qfﬁ-l _ Zf;o 2.‘3—1’]1}) , 2fc+1 4+ Zf:o Qf:—iﬂf]

contains z; . Furthermore, for all k£ > k it follows

that z; € ilx,ux]. For any power of 2 greater than k,
the encoder will always pick zxy1 = —1, so for k > k
the size of the uncertainty interval evolves as

a(uk - lk) +2W
Tup — L)+ W

if k a power of 2

U1 — gy = .
k1T et { otherwise

from which it follows that |z; — &4 will be asymptoti-
cally bounded when |a| < 2. 0

We have considered a state estimator for the system (1)
that is restricted by receiving information over a digital
communication channel with capacity 1 bps. We have
derived the bound |a] < 2 that is both sufficient and
necessary for the estimation error to remain bounded.
We next show that, due to the linearity of the system,
controlling the system in closed loop over the digital
channel has no effect on these bounds. We then pro-
ceed to derive the bounds imposed on the system for the
binary erasure and binary symmeiric channel which,
unlike the digital channel, have a non-zero probability
of error, p(#, # z¢) > 0. From Theorem 1 and Corol-
lary 1 we see that the bounds on |a| are not changed
whether lzq| < A or zg is completely unknown, so for
stmplicity, we will no longer consider the latter,



2.1 Stabilizing known plant over digital channel
Instead of (1) consider the controlled system
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Tty = Tk + g + Wi,

where ;. is selected by the decoder, based on the obser-

vations zF. If |a] < 2 there is an encoder-decoder pair
with bounded estimation error. Because the system is
linear, any feedback policy uy = Fxj, based on the true
state which keeps the state bounded, will also keep the
state bounded when applied to the estimate u; = F'Z.
O the other hand, if |a| > 2 no controller can keep the
state bounded. For suppose uy = gx(2*), £ = 0, is a
stabilizing controlter. But then the zero-state response
of the system (3),

k-1

g =y a (e, k>0,
i=0

is a bounded-error estimator for (1) which contradicts
Theorem 1, and proves the following result. (See also
Tatikonda where the optimal LQG controller is shown
to have the certainty equivalence property.)

Theorem 2 The controlied system (3) can be stabi-
lized if |a] < 2. If |a} > 2, no such controller exists.

2.2 Estimation over the binary erasure and bi-
nary symmetric channels

The binary digital channel is a useful theoretical tool.
However, it is not a realistic model for most physical
systems of interest. For example, a noisy wireless com-
. munication link or the internet. The binary erasure
{BEQC) and binary symmetric channels (BSC) are more
realistic models for many systems.

Consider again the controiled system (1) with wy €
(W, W] and |zp| < A. The encoder emits & binary
signal zx € {—1,1} based on the observations z* —
{zg,---,Tr) up to time k. Fix an error probability e >
0. At time k the decoder receives 2, where for the BEC

plgr=z)=1-e plir=0) =e,
and for the BSC
plir=2z)=1—-e,p(i =F)=e¢,

independently for each k. For the BEC, the § means
that no symbol was received by the decoder at time k.
So, if a symbol is received by the decoder, then it is
received correctly. The BSC is slightly different in that
a symbol is always received by the decoder but there is
a non-zero probability that the received symbol may be
flipped, where Z;; denotes the complement of z;. Based
on its observations 2% = (g, - - -, %}, the decoder makes
an estimate & of 1.

Theorem 3a ("Tatikonda) Consider the system (1) and
the BEC. Suppose the decoder knows a and the encoder

3211

knows when the erasures have occured. If |a| < 2'7¢
then there exists a bounded-error encoder-decoder pair
so that

& — 1z with probability 1.

I ja| > 21 no such pair exists.

Proof We prove sufficiency. At each &, the decoder
determines an uncertainty interval I, u,] that is guar-
anteed to contain x; and selects the estimate to be the
mid-point of this interval, £, = %(lk + ug), starting
with [lo, ug] = [—A, A]. At time k the encoder knows
whether an erasure has occured, it can also calculate
&x. The encoder selects zx4) as 240 = 1 if 2p 1 > aZg
and zx+, = —1, otherwise. Upon receiving Zxs1, the
decoder selects [{gy1, up+1] by

laZk, aug + W] if 241 =1
lxs1 g1} = aly — W, ady] if 2pe1=-1
laly — W,ou, + W] if 2y =0
(4)

Since Tp41 = axk + wi € ally, u) + W, Wl it follows
that zx41 € {{g+1,ur+1]. The size of the uncertainty
interval evolves as

if 2. = 0

aluk — by) + 2W
H otherwise

gy~ g1 = { 2wy — L) + W

Denote by j(k) the number of erasures that have oc-
cured by time k. By the law of large numbers, as
k — oo, we have that j(k) — (1 — e}k with proba-
bility 1. Thus Zf:[) %JE(% converges with probability 1
when |a| < 217%. The result follows. C

Theorem 3b (Sahai) If |a| < \/1—%-; there exists an

asymptotically bounded-error encoder-decoder pair so
that

(5)

lim E(zy — &x)% < oo
k—o0
If |ai > 71_273__3 then no such pair exists.
Proof See Sahai [3].

Careful examination of the proof in Sahai 3] reveals
the following corollary.

Corollary 2 One may replace the inequality 5 with
lim E{z) — &)™ < oo.
k—oo

provided that
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m ———
lol™ < e

(6)

Note that the Shannon Capacity of the digital channel
is C = 1 and the BEC is C = 1 — e. For almost
sure convergence of the estimator we see that for both
channels the sufficient and necessary bounds imposed



on the system is given by |a| < 2¢. On the other
hand, there is no visibly clear relation hetween |a| and
C when we require a bound on the m-th moment of the
estimation error. It is thus reasonable to conclude that
the Shannon capacity of the channel does not provide
the right figure of merit for characterizing the desired
bounds. Sahai has developed a notion of capacity called
the any-time capacity for which he produces a visibly
simple relation between [a| and C for the convergence
of the m-th moment of the estimation error.

The situation is quite different for the BSC. In the
proof of Theorem 3a, we used the fact that the de-
coder can maintain an interval of uncertainty that is
guaranteed to contain the real state of the system for
each k. For the BSC, however, there is no way the de-
coder can maintain this property. On the other hand,
the encoder-decoder pair has to ensure that all errors
(or flipped bits) are accounted for, otherwise, the er-
ror will magnify by a factor of |a|* which cannot be
bounded for any la| > 1.

We will construct an encoder-decoder pair for which we
will show by simulation results to have bounded esti-
mation error. We start with the encoding of 3 symbols
{—-1,1, B} where B denotes a back-space:

symbol | encoding

-1 -1.-1
1 1,1
B -1,1 or 1,1

The decoder maintains an uncertainty interval [ig, uz]
{initially [lg,u9] = [—A,A]) and estimates the state
as £ = (I + ux). The decoder also maintains a
backspace count {kg, N) (initially (ko, N) = (0,0}). As
we did for the BEC, we will assume that at time &
the encoder knows 2%. Suppose at time % it was the
case that = € [lg,us]. The encoder marks this time
as ko = k and selects (zk+172k+2) = (1, l) if Ti41 >
a3 and (zge1, 2xp2) = (—1,—1), otherwise. Upon
receiving (Zg41, £x+2) the decoder updates its estimate
according to

[lkt2, urro] = [a’Ey, alauy + W)+ W] (7
if (2k+1: 2k+2) = (17 1): and
[lk+2, uk+2] = [a(alk - IV) —_ “V G,Qi:‘,lc] (8)

if (3441, Zx42) = (—=1,—1), and (denoting j = (k+2)—

(kﬂ - N)):

-1 -1
ey unga) = |0l _y = Y a'Walug o+ Y a'W
i=0 =0

(9)

otherwise. The backspace count is updated as

(k,0) if (Zri102q2) = (1,1)
) or (Zk1, Zr42) = (—1,—1)
(kg, N +2) otherwise

(ko,N) =

{10}
If (341, Zk+2) = (2k+1, Zx+2) then it is easy to see that
{(see proof of Theorem 1} zxy2 € [lgk4o, uks+2]. In this
case, the encoder will mark kg = k£ 4 2 and repeat the
process. If, however, (Z;41, 2542) # (Zit1, Zkea2) then
T2 & [les2, tria) In this case, the encoder attempts
to inform the decoder of the error by transmitting a
backspace. That is, it selects (zpq3,2k+4) = (=1,1). If
these two symbols are received correctly then, accord-
ing to (7-9), the decoder will update the estimate by
first backing up a step. There could, however, been
an error in sending the backspace as well. The encoder
will keep sending backspaces until kg — NV = kg. At this
time, say &', observe that xx € [igs, ux-). Evidently, the
encoder will mark kg = k' and will attempt to send real
estimates once again.

We abstract the decoder state as (Z,) to mean that
the decoder has received ¢ correct estimates followed
by j erroneous estimates. Careful examination of (7)
reveals that the state (7,j) has the Markov property
and may be described by the Markov chain illustrated
in Figure 1. The transition probabilities are obtained
from the encoding of {~1,1, B} together with the er-
ror probability e of the BSC, see Figure 2. The m-th
moment of |z — &| is given by the expression -

!“_’mk

a .
}: m?k(%f) (11)
k

i+j=

where at time k, pr(7, j) is the probability of being in
state (7,7) and the summation is over all { + j < &
since at most ¢ correct and 7 incorrect symbols could
have been received by the decoder. We have evaluated
this expression for m = 2 (the variance} and several
values of Ja|. The results are plotted in Figure 3. We
cannot determine the analytic bounds imposed on the
system by the BSC via simulation results. However,
we do see that the backspace protocol together with a
2-bit encoding provides values of |e| > 1 for which the
vartance converges. There is a respectable performance
degradation from the bounds for the BEC to the values
of |a| computed for the BSC for which the variance is
bounded. Note that the large gap may be attributed to
the overhead of using twice as many bits to encode one
extra symbol (namely the back-space symbol). This
overhead would significantly be reduced if the original
alphabet consisted of say M symbols for larger values
of M. That is, the ratio

ollogy M+1]
STioga 377

would be much smaller than 2.
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Figure 1: Markov chain describing the abstract state (i, 7}

of the decoder.
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Figure 2: Error probabilities for BSC.

2.3 Estimation for unknown plant

Consider again the uncontrolled system (1) and sup-
pose that a is unknown to the decoder. What are the
restrictions imposed by the channel in this case? It
should be clear that |a} < 2 is still necessary to keep
the estimation error bounded when zp is not known to
the decoder.

Theorem 4 Suppose zg and g are unknown to the de-
coder but bounded by |zo| < A and |a| < v/2. Suppose
that wy = 0 for all £ > 0. Then there is a bounded-
error encoder-decoder pair.

Proof Take the binary representations zg
AR 027 and o = V2350, 427, with oy, 3; as
0 or 1. For k even, the encoder selects the gth bit
in the binary expansion zpy; ok and for k& odd,
Ziprl = ,BA-_;_l. Upon receiving zyy; the decoder esti-
mates

&k = ok

k .
where $or = A Z};é ;27 and dy
Thus,

VETEE gt

lex — &kl = [abzo — afdox|
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Figure 3: Variance of the error ex = |xx — 2&| for different
values of 1 £ |a] < 1.16.

[(a* — a§ )0 — g (Zox — o)
(e — ax)ka® ||zl + |af{lwor — ol
kA2~ gk 1) + |akjo— 5]

A

A

which remains hounded when |a] < /2. O

The encoder-decoder pair of Theorem 4 assumes that
e and xg are precisely known by the encoder. This
scheme has two disadvantages: it is not robust against
encoder error, and. does not extend to the case with
unknown disturbance. In the previous cases of known
a the encoder-decoder pair was presented in feedback
form where at time k& the encoder was selecting values
for zi+1 based on a kind of innovation.

There is a gap between the necessary (ja| < 2) and
sufficient conditions (Ja| < +/2) for a bounded-error
encoder-decoder pair to exist. Intuitively, if we insist
on getting across accurate estimates for both Zp and
@ it seems that the sufficient condition is also neces-
sary. However, we know from the adaptive control lit-
erature that there are self-funing control laws that do
not require complete knowledge of every system pa-
rameter. Consider the system z441 = axp + bug and
let 6, = (&k,Bk)T denote the estimate of the system
parameters. Then, if the estimate is given by the LSE
g

k-1
O = [Z ¢’i¢?:| Z DiTi41
=0 i=0

where &; = (z;, u;)7, the certainty equivalent control
U ak T

k= —TTk

by

a

2) and self-optimizing for

N-1 2 .
j=g ¥i. However,

it is not necessarily the case that 8, — (2,5). This
suggests the following conjecture.

is both self-tuning (%f —

the cost-criterion given by lim £ 3~



Conjecture Suppose zg and a are unknown to the de-
coder. Then |a| < /2 is a sufficient and necessary con-
dition for there to be a bounded-error encoder-decoder
pair that is independent of the control. However, there
exist bounded-error control dependent encoder-decoder
pairs for which v2 < |a| < 2.

3 Continuous-time systems

Section 1 summarizes a collection of results for discrete-
time systems. These results are applicable to the
continuous-time system,

dz(t) = az(t)dt + dw(t), z(0) =0, (12)
by the usual discretization procedure and a discrete
controller. Such a controller has several shortcomings
when there are communication constraints {suppose
the sampling period is T): (1) Requiring the commu-
nication link to get. one bit across every T seconds may
be too restrictive; (2) If the channel is not digital, then
the analysis is in general very difficult; (3) Networks
are not characterized by digital channels.

Walsh, Branicky and Nilsson [5, 6] studied networked
control systems by abstracting the communication links
as (variable) delay elements. Their approach is also
based on discretization. Their results show that con-
troller designs that are robust against a range of
unknown delays leads to very conservative choices.
Much better performance can be achieved if delays are
known (but random). However, unlike the approach
of Tatikonda and Sahai, they do not include a formal
characterization of the network links.

In the spirit of Astrom we propose an event-based con-
trol structure that is again constrained by a commu-
nication link. We take the communication link to be
a a single-server FIFO queue, see figure 4. The queue
is characterized by its service distribution. The expo-
nential: (or memoryless) server is denoted as G/M/1
where G denotes the (general) i.i.d. interarrival times
T, and M denotes the i.i.d. service times, exponentially
distributed with mean =1,

We are interested in a complete information-theoretic
characterization of the capacity constraints for net-
worked control systems. As Sahai shows Shannon ca-
pacity is not the right figure of merit for closed-loop
discrete-time systems, we also show that the Shannon
capacity of a queue does not characterize stability. For
a G/M/1 server and & = 0 we characterize the stability
constraints in terms of the service rate u. Furthermore,
since queueing networks are good mathematical models
of many communication networks, our approach offers
an alternate formulation to [5] for networked control
systems.
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Figure 4: The continuous-time event-based control prob-
lem over a queue.

Consider system (12). Take w(f) to be Brownian mo-
tion, & = 0, and for simplicity take z(0) = 0. Fix a
threshold € > 0, and recursively define (g = 0)

tp = mf{t > te—q : [m(t) - x(tk_1)| > 6},

for £ > 1. At time t; the encoder sends bit zz = +1
accordingly as x(fx) — x(fx—1) = *e. Because of the
service distribution the queue may introduce delays.
Suppose at time ¢ the decoder has received the observa-
tions 2* = (z1,...,2), t; < -+- < g < t, the decoder’s

estimate £(t) is
k
()= Z Zge. -
i=1
Evidently, if at time ¢ the encoder has generated n;
bits and the decoder has received ny < nq bits,

le(t) — #(8)] < (n1 —na + 1)e.

Theorem 5 If the communication channel is a G/M/1
queue with service rate p such that
1

- <€
i

2

then
sup Elx(t) — £(i)| < oo.
k>0

Proof Denote the interarrival times by 7y = 8 — tp—y
and let H{t} = P{m < 7} for 7 > 0. Consider the
Laplace transform

H*(s) = E(e™™) = fo )

We know from the theory of queueing networks [7] that
the G/M/1 queue is equivalent to a birth-death pro-
cess whose balance equations are satisfied by (i) =
(1 — ), i = 0 where v is the fixed-point solution
of v = H*(sp — pv). Here m(n) denotes the invariant
probability that the queue length is n. We also know



that the birth-death process has at most one invariant
distribution and a sufficient condition for one to exist
is & < B(m).

Now, when & = 0, 2:{t} is Brownian motion and t—x(t)?
is 2 martingale so that

Ete — to1) = E((z(t) — 2(te-1))?) = €

The interarrival times are i.i.d. so that the queue is
indeed G/M/1 and if 2 < ¢ then an invariant dis-
tribution exists so that the expected queue length is
finite:

sup Blz(t) — #(t)| < ¢ ( + 1) < o0.
k>0

[
+1

v
O

Thus we see that when @ = 0, the input rate to the
queue is given by ¢ and for any service rate u we can
always pick * < ¢?. As an example, take i = 1. From
[9] we know that H*(s) for Brownian motion is given
by
_ 1

cosh(ev/2s)’

Figure 5 illustrates the expected estimation error and
its variance for different values of ¢. The trade-off is
that a larger ¢ causes smaller queue build-ups but a
larger variance.

H*(s)

55

=

2
Variance of eslimation eror

Expocted estimation error

Figure 5: Estimation error and variance for p = 1.

'To see the information-theoretic implications of this re-
sult, consider the Shannon capacity of a G/G/1 queue
computed by Anantharam (8]. If the G/G/1 queue has
deterministic service times then it has infinite capac-
ity. Denote this service time by . It is clear, however,
that if €% < i then the queue length will tend to in-
finity so that the estimation error grows unbounded.
This shows that for the estimation scheme above, the

Shannon capacity of the channel does not produce the
right figure of merit.

The case e 5 0 is more complicated and is the subject
of current research.

4 Coneclusion

We investigated variations of the simple discrete-time
linear system (1) for which the communication between
the sensor and the controller is constrained by a binary
communication channel. For the digital (or error-free}
binary channel we derived the bound |a| < 2 which
is valid for both the state-estimation error to converge
and the stabilizability of the system.

We further investigated the bounds on |a| for the bi-
nary erasure (BEC) and binary symmetric channels
(BSC). For the BEC we reproduced the analytic results
of Tatikonda and Sahai which are valid for the state-
estimation error to be bounded. We compared the re-
sults to the Shannon capacities of the binary channels.
For the BSC, we proposed a backspace protocol for the
encoder-decoder and demonstrated various values of |a|
for which the variance of the state-estimation error re-
mains bounded.

We concluded our investigation of discrete-time linear
systems by discussing the case when the state transition
matrix a is unknown to the controller (or decoder).

- For the discrete-time case, the bounds on |a! for the
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controlled system (3) is an open problem for both the
BEC and the BSC. The case of unknown a also requires
further research.

For the continuous-time system (12) we considered a
binary queue as the communication link between the
sensor and the controller. For the case a = 0, we char-
acterized the bound on the system wusing the service
rate u of the queue. Once again, we compared the re-
sult to the Shannon capacity of the queue. The case
a > { is an open problem.
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