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Abstract— We extend Valiant’s probably approximately correct
(PAC) model of learning to Markov decision processes (MDPs).
The work is related to the simulation-based estimation of value
functions for discounted reward MDPs. We obtain uniform
sample complexity results for MDP simulation. We also obtain
uniform sample complexity results for the case when the states
are partially observable and policies are non-stationary and have
memory. The results can be extended to Markov games with a
finite number of players.

I. INTRODUCTION

Markov decision processes (MDPs) are used as models
for many problems and solved using dynamic programming.
But dynamic programming for MDPs is computationally in-
tractable and known to be PSPACE-complete [11]. Moreover,
DP methods require an accurate analytical model and suffer
from the “curse of dimensionality” in large or infinite state
space. In such cases, simulation-based methods become im-
portant. They fit well into the learning model introduced by
Valiant [12] and generalized by others ([1], [4], [5], [6]).

Consider a bounded real-valued function f ∈ F over
some space X with a probability measure P on it. Given
samples S = {(x1, f(x1)), · · · , (xn, f(xn))}, in which the xk

are drawn independently from P (obtained by simulation),
the goal is to learn the function f . F is PAC (probably
approximately correct)-learnable if there is an algorithm that
maps S to hn,f ∈ F such that for any ε > 0, the probability
that the empirical error

err(f, hn,f ) := IEP [|f − hn,f |]

is greater than ε goes to zero as n → ∞ (Note that hn,f

is a function of S). In other words, for n large enough the
probability that the error is larger than ε is smaller than some
given δ > 0.

The class of functions F has the uniform convergence of
empirical means (UCEM) property if

sup
f∈F

|
1

n

n
∑

i=1

f(Xi) − IEP [f(X)]| → 0

in probability. It is known that a class of bounded real-
valued functions with the uniform convergence of empirical
means property is not only PAC-learnable but PUAC (probably
uniformly approximately correct)-learnable [13], i.e.,

lim
n→∞

Pr{sup
f∈F

err(f, hn,f ) > ε} = 0.
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This has the interesting interpretation that if a family of
functions is such that the mean value of each function can
be determined with small error and high probability then
the function itself can be accurately determined with high
probability. This is discussed in length in [14].

The PAC learning framework thus addresses the fundamen-
tal question of system identifiability. Moreover, it provides the
properties that a system identification algorithm should have.
Thus, in this paper, we develop PAC learning for MDPs and
games. While the PAC learning model has been generalized
to the case when the inputs are Markovian ([1], [5]), it has
not been extended to MDPs and games.

Consider an MDP on state space X and action space A, with
probability transition function Pa and space Π of policies with
a policy π(x, a) specifying the probability of taking action
a given current state x. Let r(x) be a real-valued bounded
reward function and V (π) the discounted total reward (also
called the value of the policy). Let a policy π in Π be fixed
but unknown. Our learning problem is to identify with small
error and high probability which policy the system is using.
We are given the “black box” system simulator, using which
we can obtain samples of the value function of the unknown
policy π. The simulator takes as input the initial state and a
‘noise’ sequence (each term is from uniform [0,1]), which is
used to simulate the state sequence. The output is the value
of the policy or the total discounted reward under that state
sequence. We obtain n such input-output samples from which
the learning algorithm determines the policy µ that may have
generated the samples. We denote the empirical mean of such
outputs by V̂ (π).

We define the policy space Π of an MDP to be PAC-
learnable if given an ε > 0 and any policy π ∈ Π, there
exists a learning algorithm such that the policy µ ∈ Π,
identified by it as the one most likely to have generated
the samples, is such that the probability that |V (π) − V (µ)|
is greater than ε goes to zero as the number of samples n
goes to infinity. As discussed above, the UCEM property is
sufficient for PAC learnability. Therefore, in this paper we
shall address that problem. Moreover, we shall obtain uniform
sample complexity bounds for value function estimation, i.e.,
the number of samples n(ε, δ) needed such that the probability
that

sup
π∈Π

|V̂ (π) − V (π)| > ε

is bounded by some given δ > 0.
The PAC learning problem for MDPs is more difficult than

the PAC learning problem for function spaces because we
have to consider the combinatorial complexity of a function
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space obtained by multiple iterations of functions that belong
to a particular function space. Relating the combinatorial
complexity of the original function space with that of the
policy space is difficult.

The key contributions of this paper are in extending the PAC
learning framework to discounted reward Markov decision
processes and in obtaining (non-asymptotic) uniform sample
complexity bounds for value function estimation. The results
are extended to the case when the state is partially observable.

Since this work also has implications for simulation-based
optimization of MDPs, it is pertinent to mention [3], [9]. [10]
is quite close in spirit to this paper but the results are not in
the context of PAC learning. Moreover, as we point out later,
the assumptions in that paper are very strong and not realistic.

II. PRELIMINARIES

Consider an MDP M , with countable state space X , action
space A, transition probability function Pa(x, x′), initial state
distribution λ, reward function r(x) bounded in [0, R] and
discount factor γ. The value function is the discounted reward
for a policy π

V (π) = IE[

∞
∑

t=1

γtr(xt)],

where xt is the state in the tth step under policy π. For the
average rewards case the value function is

V (π) = IE[lim sup
T→∞

1

T

T
∑

t=1

r(xt)].

Let Π0 denote the space of all stationary stochastic policies
{π(x, a) : a ∈ A, x ∈ X ,

∑

a π(x, a) = 1} and let Π ⊆ Π0 be
the subset of policies of interest. The MDP M under a fixed
stationary policy π induces a Markov chain with transition
probability function Pπ(x, x′) =

∑

a Pa(x, x′)π(x, a). The
initial distribution on the Markov chains is the same as for
the MDP and we take Pπ to characterize the Markov chain.
Denote P := {Pπ : π ∈ Π}.

We first relate the combinatorial dimension1 of Π to that of
P . Recall some measures of combinatorial complexity.

Let F be a set of binary-valued functions from X to
{0, 1}. We say that F shatters {x1, · · · , xn} if the set
{(f(x1), · · · , f(xn)), f ∈ F} has cardinality 2n. The largest
such n is the VC-dim(F).

Let F be a set of real-valued functions from X to [0, 1].
We say that F P-shatters {x1, · · · , xn} if there exists a
witness vector c = (c1, · · · , cn) such that the set {(η(f(x1)−
c1), · · · , η(f(xn)−cn)), f ∈ F} has cardinality 2n, where η(·)
is the sign function. The largest such n is the Pseudo-dim(F).

Let λ and µ be probability measures on X and A respec-
tively. Given a set F of real-valued functions on X , ρ a metric
on IR, let dρ(λ) be the pseudo-metric on F with respect to
measure λ:

dρ(λ)(f, g) =

∫

ρ(f(x), g(x))λ(dx)

1Examples of combinatorial dimensions are VC-dimension and Pseudo-
dimension. They are different from the algebraic dimenson. Typically we
consider a class of real-valued functions, which have infinite algebraic
dimension but may have finite P-dimension. See [14], [2] for more details.

A subset G ⊆ F is an ε-net for F if ∀f ∈ F , ∃g ∈ G with
dρ(λ)(f, g) ≤ ε. The size of the minimal ε-net is the ε-covering
number, denoted by N (ε,F , dρ(λ)). The ε-capacity of F
under the ρ metric, C(ε,F , ρ) = supλ N(ε,F , dρ(λ)). The
upper metric dimension of F under the ρ metric, dim(F) =

lim supε→0
log C(ε,F ,ρ)

log(1/ε) . The lower metric dimension is defined
similarly with inf replacing sup. When both exist and are
equal, it is called the metric dimension. (See [8], [2] for more
on properties of covering numbers.)

We define the following L1 pseudo-metric on Π:

dL1(λ×µ)(π, π′) :=
∑

x∈X

λ(x)
∑

a∈A

µ(a)|π(x, a) − π′(x, a)|,

and the following total variation-type pseudo-metric on P :

dTV (λ)(P, P ′) :=
∑

x∈X

λ(x)
∑

y∈X

|P (x, y) − P ′(x, y)|.

Given a policy space Π and P , the set of transition proba-
bilities of the Markov chains it induces, we relate the covering
numbers on the two spaces under the pseudo-metrics defined
above.

Lemma 1: Suppose Π ⊆ Π0 and P as defined above with P-
dim(Π) = d. Assume that there is a probability measure λ on
X and a probability measure µ on A such that π(x, a)/µ(a) ≤
K, ∀x ∈ X , a ∈ A, π ∈ Π. Then,

N (ε,P , dTV (λ)) ≤ N (ε, Π, dL1(λ×µ)) ≤

(

2eK

ε
log

2eK

ε

)d

.

i.e., dim(P) ≤ d.
The above lemma is a special case of lemma 4, for which a
proof is provided. It can also be found in [7].

III. THE SIMULATION MODEL

We estimate the value V (π) of policy π ∈ Π from inde-
pendent samples of the discounted rewards. The samples are
generated by a simulation ‘engine’ h. This is a deterministic
function to which we feed a noise sequence ω = (ω1, ω2, · · ·)
(with ωi i.i.d. and uniform [0, 1]) and different initial states
x1

0, · · · , x
n
0 (with xi

0 i.i.d. and distribution λ). The engine
generates a state sequence with the same distribution as the
Markov chain corresponding to π. The estimate of V (π) is
the average of the total discounted reward starting in different
initial states.

Because simulation cannot be performed indefinitely, we
truncate the simulation at some time T , after which the
contribution to the total discounted reward falls below ε/2 for
required estimation error bound ε. T is the ε/2-horizon time.
The function h : X × A × Ω → X can also be written as
h : X × X × A × Ω → {0, 1}, that is h(x, x′, a, ωi) = 1 if
from state x, with action a, and noise ωi, system transitions
to state x′, and 0 otherwise.

Many simulation functions are possible. We will work with
the following simple simulation model, for X = IN, which
can be extended for multi-dimensional state space.

Definition 1 (Simple simulation model): The simple simu-
lation model h for a given MDP is given by

h(x, a, ω) = inf{y ∈ X : ω ∈ [Fa,x(y − 1), Fa,x(y))},
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in which Fa,x(y) :=
∑

y′≤y Pa(x, y′) is the c.d.f. correspond-
ing to the transition probability function Pa(x, y).

Similarly, with a slight abuse of notation, we define the
simple simulation model h for the Markov chain P as

h(x, P, ω) = inf{y ∈ X : ω ∈ [FP,x(y − 1), FP,x(y))}

where FP,x(y) :=
∑

y′≤y P (x, y′), is the c.d.f. corresponding
to the transition probability function P (x, y).

This is the simplest method of simulation. For example, to
simulate a probability distribution on a discrete state space,
we partition the unit interval such that the first subinterval
has length equal to the mass on the first state, the second
subinterval has length equal to the mass on the second state,
and so on.

The state sequence {xt} for policy π is obtained by

xt+1 = fPπ
(xt, ωt+1) = h(xt, Pπ , ωt+1),

in which Pπ is the transition probability function of the
Markov chain induced by π and ωt+1 ∈ Ω is noise. The initial
state x0 is drawn according to the given initial state distribution
λ. The function fPπ

: X × Ω → X is called the simulation
function for the Markov chain transition probability function
Pπ. As before, P = {Pπ : π ∈ Π}. We denote the set of all
simulation functions induced by P by F = {fP : P ∈ P}.

To every P ∈ P , there corresponds a function f ∈ F .
Observe that f ∈ F simulates P ∈ P given by

P (x, y) = µ{ω : f(x, ω) = y},

in which µ is the Lebesgue measure on [0, 1]. Unless specified
otherwise, F will denote the set of simulation functions for
the class P under the simple simulation model.

We now show that the complexity of the space F is the
same as that of P if P is convex.

Lemma 2: Suppose P is convex (being generated by a
convex space of policies) with pseudo-dimension d. Let F
be the corresponding space of simple simulation functions
induced by P . Then, P-dim(F) = d. Moreover, the algebraic
dimension of P is also d.
Proof: First note that there is a one-to-one map between
the space of simple simulation functions F and the space
of cdf’s F̃ corresponding to P . ( F̃ = {F̃ : F̃ (x, y) =
∑

y′≤y P (x, y′), P ∈ P}.) Moreover F and F̃ have the
same pseudo-dimension. This is because, for any F ∈ F ,
F (x, ω) > y if and only if for the corresponding F̃ ∈
F̃ , F̃ (x, y) < ω. Thus, F̃ shatters {(x1, y1), · · · , (xd, yd)}
with witness vector (ω1, · · · , ωd) if and only if F shatters
{(x1, ω1), · · · , (xd, ωd)} with witness vector (y1, · · · , yd). So,
in the following discussion, we shall treat them as the same
space F .

Because P has pseudo-dimension d, there exists S =
{(x1, y1), · · · (xd, yd)} that is shattered by P with some wit-
ness vector c = (c1, · · · , cd). Consider the projection of the set
P on the S coordinates: P|S = {(P (x1, y1), · · · , P (xd, yd)) :
P ∈ P}. The definition of shattering implies that there is
a d-dimensional hypercube contained in P|S with center c.
Also note that P|S is convex and its algebraic dimension is d.
To argue that the algebraic dimension of P cannot be d + 1,

suppose that it is. Then, it would contain d + 1 coordinates
such that the projection of P along those coordinates contains
a hypercube of dimension d + 1. Thus, P would shatter d +1
points with the center of the hypercube being a witness vector.
But that contradicts the assumption that the pseudo-dimension
is d.

Thus, for convex spaces, algebraic dimension and its
pseudo-dimension are the same.

Next, F is obtained from P by an invertible linear
transformation, hence its algebraic dimension is also d. Thus,
it has d coordinates S such that the projected space F|S , has
algebraic dimension d. Moreover, it contains a hypercube of
dimension d. Hence, its pseudo-dimension is at least d. Since
the argument is reversible starting from space F to space P ,
it implies P-dim(P) = P-dim(F).

It is an open question whether the simple simulation model
yields the space F of functions that simulates a non-convex
set P with the least complexity. The question is important,
because as we will see below the sample complexity depends
on the pseudo-dimension of the space of simulation functions.
Thus, if we pick the simulation model with a smaller pseudo-
dimension, we get a better sample complexity result.

IV. DISCOUNTED-REWARD MDPS

Consider an MDP M with state space X , action space A,
transition probability function Pa(x, x′), initial state distribu-
tion λ, reward function r(x), and discount factor γ < 1. The
value function is the total discounted reward for a policy π in
some set of stationary policies Π. Denote Ω = [0, 1].

We redefine F to be the set of measurable functions from
Y := X × Ω∞ onto itself which simulates P , the transition
probabilities induced by Π under the simple simulation model.
However, each function only depends on the first component of
the sequence ω = (ω1, ω2, · · ·). Thus the results and discussion
of the previous section still hold. Let θ be the left-shift operator
on Ω∞, θ(ω1, ω2, · · ·) = (ω2, ω3, · · ·). Thus, for a policy π,
our simulation system is defined as

(xt+1, θω) = fPπ
(xt, ω),

in which xt+1 is the next state starting from xt and the
simulator also outputs the shifted noise sequence θω. This
definition of the simulation function is introduced so that we
can define the iteration of simulation functions. Let F 2 :=
{f ◦ f : Y → Y, f ∈ F} and F t its generalization to t
iterations. Let µ be a probability measure on Ω∞ and λ the
initial distribution on X . Denote the product measure on Y by
IP = λ×µ, and on Y n by IPn. Define the two pseudo-metrics
on F :

ρIP(f, g) =
∑

x

λ(x)µ{ω : f(x, ω) 6= g(x, ω)},

and

dL1(IP)(f, g) :=
∑

x

λ(x)

∫

|f(x, ω) − g(x, ω)|dµ(ω).

We present a key technical result which relates the covering
number of the iterated functions F t under the ρ pseudo-metric
with the covering number for F under the L1 pseudo-metric.
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Lemma 3: Let λ be the initial distribution on X and let λf

the (one-step) distribution given by λf (y) =
∑

x λ(x)µ{ω :
f(x, ω) = (y, θω)} for f ∈ F . Suppose that

sup
f∈F ,y∈X

λf (y)

λ(y)
≤ K, for K ≥ 2. (1)

Then,
N (ε,F t, ρIP) ≤ N (ε/Kt,F , dL1(IP)).

The proof is technical and can be found in the appendix to
[7]. The condition of the lemma essentially means that under
distribution λ the change in the probability mass on any state
under any policy after one transition is bounded.

The estimation procedure is this. Obtain n initial states
x

(1)
0 , · · · , x

(n)
0 drawn iid. according to λ, and n trajectories

ω(1), · · · , ω(n) ∈ Ω∞ (Ω = [0, 1]) drawn according to µ, the
product measure on Ω∞ of uniform probability measures on
Ω. Denote the samples by S = {(x1

0, ω
1), · · · , (xn

0 , ωn)} with
measure IPn.

This is our first main result.
Theorem 1: Let (X , Γ, λ) be the measurable state space.

Let A be the action space and r(x) the real-valued reward
function, with values in [0, R]. Let Π ⊆ Π0, the space of
stationary stochastic policies, P be the space of Markov chain
transition probabilities induced by Π, and F the space of
simulation functions of P under the simple simulation model
h. Suppose that P-dim(F) ≤ d and the initial state distribution
λ is such that supf∈F ,x∈X

λf (x)
λ(x) ≤ K for some K ≥ 2.

Let V̂ (π) be the estimate of V (π) obtained by averaging the
reward from n samples. Then, given any ε, δ > 0, and with
probability at least 1 − δ,

sup
π∈Π

|V̂ (π) − V (π)| < ε

for

n ≥
64R2

α2

(

log
4

δ
+ 2d(log

32eR

α
+ T log K)

)

. (2)

Here T is the ε/2-horizon time and α = ε/2(T + 1).
Proof: Recall that under the simple simulation model,
fP (x, ω) := h(x, P, ω) and F = {fP : X × Ω∞ → X ×
Ω∞, P ∈ P}. Define the function Rt(x0, ω) := r ◦ fP ◦ · · · ◦
fP (x0, ω), with fP composed t times. Let Rt := {Rt : X ×
Ω∞ → [0, R], P ∈ P}. Let V (π) be the expected discounted
reward, and V T (π) the expected discounted reward truncated
upto T steps. Let V̂ T

n (π) = 1
n

∑n
i=1[

∑T
t=0 γtRπ

t (xi
0, ω

i)].
Then,

|V (π) − V̂ T
n (π)| ≤ |V (π) − V T (π)| + |V T (π) − V̂ T

n (π)|,

≤ ε/2 + |V T (π) − V̂ T
n (π)|

≤ ε/2 +
T

∑

t=0

|
1

n

n
∑

i=1

[Rπ
t (xi

0, ω
i) − IE(Rπ

t )]|.

The expectation is with respect to the product measure P t
π ×

λ × µ. We show that with high probability, each term in the
sum over t is bounded by α = ε/2(T + 1).

Note that
∫

|r(f t(x, ω)) − r(gt(x, ω))|dµ(ω)dλ(x)

≤ R ·
∑

x

λ(x)µ{ω : f t(x, ω) 6= gt(x, ω)},

which as in lemma 3 implies that

dL1(IP)(r ◦ f t, r ◦ gt) ≤ R · KT dL1(IP)(f, g).

From theorem 3 in [6], lemma 3, and above inequality, we
get

IPn[supRt∈Rt
| 1n

∑n
i=1 Rt(x

i
0, ω

i) − IE(Rt)| > α]

≤ 4C(α/16,Rt, dL1
) exp(−nα2/64R2)

≤ 4
(

32eRKT

α log 32eRKT

α

)d

exp(−nα2/64R2).

This implies that for the estimation error to be bounded by α
with probability at least δ, the number of samples needed is

n ≥
64R2

α2

(

log
4

δ
+ 2d(log

32eR

α
+ T log K)

)

.

Remarks. 1. Theorem 1 implies that supπ∈Π |V̂ (π)−V (π)|
converges to zero in probability, hence the policy space Π
is PAC-learnable. Like in [10], the theorem assumes that the
pseudo-dimension of the F space is finite. Combined with
lemma 2 we get the following corollary.

Corollary 1: Under assumption 1, when P is convex with
P-dim(P) = d, Theorem 2 holds.

2. Our sample complexity is of the same order in terms of
δ, ε, T, R and d, as the results of [10] though the two results are
not directly comparable due to the different assumptions made.
Unlike in [10], we do not require the simulation functions to
be Lipschitz continuous. For a discrete state space, this is not
a realistic assumption as the following examples show.
(1) Consider the Markov chain on IN such that the only
transitions are from state 1 to state 2 with probability 1/2,
to state 4 with probability 1/4, · · ·, to state 2k with probability
1/2k, etc. Let ωk

1 =
∑k

i=1 2−i, and εk = 2−k−1. Define the L1

metric ρ on X×Ω, ρ((x1, ω1), (x2, ω2)) = |x1−x2|+|ω1−ω2|.
Then,

ρ(f(1, ωk
1 − εk/2), f(1, ωk

1 + εk/2)) ≥ 2k.

Thus, f is not Lipschitz continuous in Ω.
(2) Consider the following Markov chain: State space X = IN
again endowed with the L1 metric. Transitions are determin-
istic: Transition from an even state n is to state 2n, and from
an odd state n+1 is to 3n. Then, ρ(f(n+1, ω), f(n, ω)) = n
and so is not Lipschitz continuous in X .

3. The sample complexity depends on the pseudo-dimension
of the simulation functions space. Thus, if we simulate using
a model with the least complexity, we can improve our sample
complexity bound. However, the complexity of the space P
induced by a given policy space Π on an MDP M seems to us
to be a more fundamental object than the space of simulation
functions.
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V. PARTIAL OBSERVABILITY UNDER NONSTATIONARY

POLICIES WITH MEMORY

We now consider the case when only partial observations
are available. Let M be a partially observable MDP on state
space X , with actions in A, observations in Y and reward
function r : X → [0, R]. Let λ be the initial state probabil-
ity measure on X , Pa(x, x′) the state transition probability
function, with the observations governed by the conditional
probability measure ν(y|x) which gives the probability of
observing y ∈ Y when the state is x ∈ X . Let ht denote
the history (y0, a1, y1, · · · , at, yt), i.e., the observations and
actions upto time t.

Let Ht denote {ht = (y0, a1, y1, · · · , at, yt) : as ∈ A, ys ∈
Y , 0 ≤ s ≤ t}. Let Π be the set of policies where a π ∈ Π
is such that π = (π1, π2, · · ·) and πt : Ht × A → [0, 1] is
a probability measure on A conditioned on ht ∈ Ht. Let Πt

denote the set of all policies πt at time t with π ∈ Π. This gives
rise to a conditional state transition function Pt(x, x′; ht), the
probability of transition from state x to x′ given history ht

upto time t. Thus, under policy π,

Pt(x, x′; ht) =
∑

a

Pa(x, x′)πt(ht, a).

Let Pt denote the set of all Pπt
induced by the policies πt

with π ∈ Π. Then, defining the usual TV metric on Pt and
the usual L1 metric on Πt, we get.

Lemma 4: Suppose Πt and Pt are as defined above with P-
dim(Πt) ≤ d. Assume λ the initial state probability measure
on X , ρ the probability measure on Ht conditioned on x ∈ X ,
and µ a probability measure on A such that πt(ht, a)/µ(a) ≤
K, ∀ht ∈ Ht, a ∈ A, πt ∈ Πt. Then,

N (ε,Pt, dTV (λ×ρ)) ≤ N (ε, Πt, dL1(µ×λ×ρ))

≤

(

2eK

ε
log

2eK

ε

)d

,

i.e., dim(Pt) ≤ d.
Proof: We first show that the function πt 7→ Pπt

is uniformly
Lipschitz continuous with constant 1. Suppose Pt = Pπt

, and
P ′

t = Pπ′

t
. Then, dTV (λ×ρ)(Pt, P

′
t ) :=

∑

x

λ(x)
∑

x′∈X

|
∑

a∈A,ht∈Ht

Pa(x, x′)(πt(ht, a)

−π′
t(ht, a))ρ(ht|x)|

≤
∑

x

∑

ht

λ(x)ρ(ht|x)
∑

a

∑

x′

Pa(x, x′)|πt(ht, a)

−π′
t(ht, a)|

≤
∑

x

∑

ht

λ(x)ρ(ht|x)
∑

a

µ(a)|
πt(ht, a)

µ(a)
−

π′
t(ht, a)

µ(a)
|

which is =: dL1(µ×λ×ρ)(
πt

µ ,
π′

t

µ ). where the second inequality
above follows by changing the order of the sums over a and
x′. This leads to the desired conclusion.

Let Ft be the set of simulation functions of Pt under the
simple simulation model. Thus, an ft ∈ Ft for t ≥ 2 is defined
on ft : X × Ht−1 × Ω∞ → X × Ht × Ω∞ while f1 ∈ F1

shall be defined on f1 : X × Ω∞ → X × H1 × Ω∞. It is
straightforward to verify that lemma 2 also extends.

Lemma 5: Suppose Pt is convex (being generated by a
convex space of policies Π). Let P-dim(Pt) = d. Let Ft be the
corresponding space of simple simulation functions induced by
Pt. Then, P-dim(Ft) = d.

By F t we shall denote the set of functions f t = ft ◦· · ·◦f1

where fs ∈ Fs and they arise from a common policy π. Note
that f t : X ×Ω∞ → Zt ×Ω∞ where Zt = X ×Ht. We shall
consider the following pseudo-metric on Ft with respect to a
measure λt on Zt−1 for t ≥ 2 and measure µ on Ω∞ ,

ρt(ft, gt) :=
∑

z∈Zt−1

λt(z)µ{ω : ft(z, ω) 6= gt(z, ω)}.

We shall take ρ1 as the pseudo-metric on F t w.r.t the product
measure λ × µ. Let

λf t(z) :=
∑

z∈Zt

λ(x)µ{ω : f t(x, ω) = z}

be a probability measure on Zt. We now state the extension
of the technical lemma needed for the main theorem of this
section.

Lemma 6: Let λ be a probability measure on X and λf t

be the probability measure on Zt as defined above. Suppose
that P-dim(Ft) ≤ d and there exists probability measures λt

on Zt such that supf t∈Ft,z∈Zt

λft (z)

λt+1(z) ≤ K for some K > 0.
Then, for 1 ≤ t ≤ T ,

N (ε,F t, ρ1) ≤ N (
ε

Kt
,Ft, ρt) · · · N (

ε

Kt
,F1, ρ1)

≤

(

2eKt

ε
log

2eKt

ε

)dt

.

The proof can be found in the appendix. We now obtain our
sample complexity result.

Theorem 2: Let (X , Γ, λ) be the measurable state space,
A the action space, Y the observation space, Pa(x, x′) the
state transition function and ν(y|x) the conditional probability
measure that determines the observations. Let r(x) the real-
valued reward function bounded in [0, R]. Let Π be the set
of stochastic policies (non-stationary and with memory in
general), Pt be the set of state transition functions induced
by Πt, and Ft the set of simulation functions of Pt under the
simple simulation model. Suppose that P-dim(Pt) ≤ d. Let λ
and µ be probability measures on X and A respectively and
λt+1 a probability measure on Zt such that

sup
f t∈Ft,z∈Zt

λf t(z)

λt+1(z)
≤ K

for some K > 0, where λf t−1 is as defined above. Let V̂ (π),
the estimate of V (π) obtained from n samples. Then, given
any ε, δ > 0, and with probability at least 1 − δ,

sup
π∈Π

|V̂ (π) − V (π)| < ε

for n ≥ 64R2

α2

(

log 4
δ + 2dT (log 32eR

α + log KT )
)

where T is
the ε/2 horizon time and α = ε/2(T + 1).
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VI. CONCLUSIONS

In this work, we have presented an extension of Valiant’s
probably approximately correct learning model to Markov
decision processes. We obtained sample complexity results for
the discounted reward case which are linear in T , the horizon
time. Moreover, we do not assume any regularity conditions
like Lipschitz continuity. We showed that there is a canonical
simulation model under which the combinatorial complexity of
the simulation functions is the same as that of the underlying
space of induced Markov chains when the space is convex.
The results are extended to when the states of the MDP are
only partially observable with policies that are non-stationary
with memory.

The results can be extended to dynamic Markov games
and similar uniform sample results can be obtained. They are
presented in [7].

Obtaining value function estimates with uniform sample
complexity bounds, of course, is only a step towards finding
the optimal policy in the given space. How such estimates
will be used to find the optimal policy is an open problem for
future work.

APPENDIX

The proof of lemma 6 is along same lines as lemma 3 but
the details are somewhat involved and presented below.
Proof: Consider any f t, gt ∈ F t and x ∈ X . Then,

µ{ω : f t(x, ω) 6= gt(x, ω)}

= µ{ω : f t(x, ω) 6= gt(x, ω), f t−1(x, ω) = gt−1(x, ω)}

+µ{ω : f t(x, ω) 6= gt(x, ω), f t−1(x, ω) 6= gt−1(x, ω)}

= µ{∪z∈Zt−1
(ω : f t(x, ω) 6= gt(x, ω),

f t−1(x, ω) = gt−1(x, ω) = z)}

+µ{∪z∈Zt−1
(ω : f t(x, ω) 6= gt(x, ω),

f t−1(x, ω) 6= gt−1(x, ω), f t−1(x, ω) = z)}

≤ µ{∪z∈Zt−1
(ω : f t(x, ω) 6= gt(x, ω),

f t−1(x, ω) = gt−1(x, ω) = z)}

+µ{∪z∈Zt−1
(ω : f t−1(x, ω) 6= gt−1(x, ω),

f t−1(x, ω) = z)}

≤
∑

z∈Zt−1

µ{ω : ft(z, ω) 6= gt(z, ω)|f t−1(x, ω) = z}

µ{ω : f t−1(x, ω) = z}

+µ{ω : f t−1(x, ω) 6= gt−1(x, ω)}.

As before, the ω part of both the functions is the same and
hence is ignored. So,

∑

z∈Zt−1

λf t−1(z)µ{ω : ft(z, ω) 6= gt(z, ω)}

≤ K ·
∑

z∈Zt−1

λt(z)µ{ω : ft(z, ω) 6= gt(z, ω)}.

This by induction implies

ρ1(f
t, gt) ≤ K(ρt(ft, gt) + · · · + ρ1(f1, g1))

This implies the first inequality. To argue the second, note that
∑

z

λt(z)µ{ω : ft(z, ω) 6= gt(z, ω)}

≤
∑

z

λt(z)

∫

|ft(z, ω) − gt(z, ω)|dµ(ω).
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