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Abstract— The Delay Constrained Least Cost (DCLC)
problem is to find the least cost path in a graph while keep-
ing the path delay below a specified value. First formu-
lated in the context of routing in computer networks, the
DCLC model also applies to mission planning and other de-
cision problems. DCLC is NP-complete and thereforemany
heuristic algorithms have been proposed for it. This paper
presents two new methods based onk-Shortest-Path (kSP)
algorithms. These heuristic methods, one centralized and
one distributed, are both polynomial. In numerical experi-
ments the proposed algorithms almost always find the opti-
mal paths.

I. INTRODUCTION

Conventional routing protocols characterize network
links by a single metric, such as hop count; Dijkstra’s al-
gorithm and the Bellman-Ford algorithm find the shortest
path based on the metric. For routing with explicit qual-
ity of service (QoS) requirements, the link model also in-
cludes parameters such as bandwidth, cost, delay, and loss
probability. Routing is then more complicated because it
must find paths that satisfy multiple constraints.

The Delay Constrained Least CostDCLC problem
characterizes network links by two metrics, cost and de-
lay. The link cost may be a monetary cost or a measure
of link utilization such as hop count. The link delay usu-
ally consists of the propagation and queuing delay. Dif-
ferent link metrics may represent different QoS require-
ments. Most of these metrics are additive: the total metric
of a path is the sum of link metrics along the path. The
problem of finding a path subject to two or more additive
metrics isNP -complete [2].

The DCLC formulation also models some decision
making and mission planning problems. For example, in
planning a robot’s path through a hazardous environment
one may want to find the shortest path subject to a con-
straint on the total risk incurred [8]. Another example is
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to find a path through a tolled road network that takes min-
imum time subject to a constraint on the total toll.

More abstractly, in a finite state system with statesx,
control u, two cost functionsc(x, u) andd(x, u), initial
states and final stated, one may wish to find a control
sequenceu1, · · · , un that steers the system froms tod and
minimizes

∑
c(xi, ui), keeping

∑
d(xi, ui) ≤ ∆. This,

too, is a DCLC problem.
The Pareto setof non-dominated paths illustrates the

difficulty in finding the optimal DCLC path. A pathp
is dominatedif there exists another pathp′ that is better
than p in one metric, and not worse with respect to the
other metric. The optimal DCLC path must belong to the
Pareto set. Heuristic methods for the DCLC problem gen-
erally find a promising subset of the Pareto set and then
select the optimum within the subset. For example, the
Lagrange relaxation method finds paths that minimize a
convex combination of cost and delay, and so it can only
find paths that are on the boundary of the convex hull of
the Pareto set, which may not include the optimal path
because of non-convexity.

A. DCLC Problem Formulation

The network is modeled as a directed, connected graph
G = (V,E), whereV is the set of nodes andE ⊂ V × V
is the set of directed links. Letn = |V | andm = |E| be
the number of nodes and links. Each link is characterized
by a costc(e) and a delayd(e), both nonnegative.

Given a source nodes ∈ V , a destination noded ∈ V ,
and a positive delay constraint∆delay, the DCLC problem
is:

min
p∈P ′(s,d)

∑
e∈p

c(e). (1)

HereP ′(s, d) is the set of paths froms to d for which
the end-to-end delay is bounded by∆delay. With P (s, d)
denoting the set of all paths froms tod, a pathp ∈ P (s, d)



2

belongs toP ′(s, d) if∑
e∈p

d(e) ≤ ∆delay. (2)

As noted, the DCLC problem isNP -complete [6].
TheMultiple Constraints Path(MCP) problem is re-

lated: Given two or more additive link metrics, the MCP
problem is to find a feasible path (or paths) that satisfies
a constraint for each metric. Because no metric is opti-
mized, some believe that MCP, althoughNP -complete,
is simpler than DCLC.

B. Previous Work

The Constrained Bellman-Ford(CBF) routing algo-
rithm proposed by Widyono in [13] solves the DCLC
problem and gives the optimal path. CBF performs a
breadth-first search and records all paths that are feasible
but not dominated. Thus CBF searches the entire Pareto
set. Unfortunately, CBF has exponential worst-case com-
plexity because the size of the Pareto set grows exponen-
tially.

To solve the DCLC problem in polynomial time, the
proposed algorithms use heuristics and take approxima-
tions. As a simple and fast initial approach, Lee et al [7]
propose aFallback algorithm that tries each of the met-
rics and checks whether it is feasible. Pornavalai et al
[9] improve upon this idea by combining paths calculated
with the different metrics. TheDelay Constrained Uni-
cast Routing(DCUR) algorithm by Salama et al [10] lets
each node choose between least cost and least delay paths
independently of the choice of the previous node.

The other type of algorithms beginning with Jaffe [3]
first construct a single metric and then use a shortest-path
algorithm. Juttner et al in [5] propose a Lagrange relax-
ation based method (LARAC) that linearly combines cost
and delay. Wang and Crowcroft [11] propose non-linear
combinations. None of these algorithms guarantees the
optimal solution.

This paper presents two new methods to DCLC. The
underlying idea is to usek-Shortest-Path (kSP) algorithms
so that the methods have more than one choice at each
step of the heuristics, thereby exploring a larger subset
of the Pareto set. The proposed algorithms are polyno-
mial. Moreover, in the numerical experiments reported
here they almost always achieve the optimal solution.

The remainder of the paper is organized as follows. In
SectionII , we describe thekSP algorithms and how we
use them. In SectionIII andIV, we describe the two pro-
posed methods, and analyze their complexity. SectionV
presents the numerical experiments. SectionVI further
discusses the relationship between optimality andk. Sec-
tion VII concludes the paper.

II. k-SHORTEST-PATH ALGORITHMS

Shortest path problems are widely studied. Dijkstra’s
algorithm finds the shortest paths from a source node to
every other node inO(n log n) time. In this paper, we
are interested not only in the shortest path, but in thek
shortest paths between nodes, to better explore the Pareto
set. Algorithms fork shortest paths were first proposed in
the 1950s.

The asymptotically fastest knownkSP algorithm is due
to Eppstein in [1]. After running Dijkstra’s algorithm to
find a shortest path tree rooted at the source node, Epp-
stein’s algorithm (EA) builds a heap-ordered data struc-
ture representing all possible deviations from the shortest
paths. Building this data structure takesO(m + n log n)
time. Thekth shortest path can then be derived by travers-
ing the heap, inO(log k) time. So EA has almost the same
time complexity as Dijkstra’s algorithm.

Jimenez and Marzal later proposed theRecursive Enu-
meration Algorithm(REA) [4]. At stepk, REA maintains
a set of candidate paths, denotedCk(v), in whichv is the
destination node. Thekth shortest pathpk from source
to v is the shortest path inCk(v). To find the(k + 1)st
shortest path, REA removespk from Ck(v) and inserts
deviation paths ofpk to form Ck+1(v). Although REA
requiresO(m+k log(m/n)) time in the worst case, REA
outperforms EA in practice, especially for smallk. On the
other hand, Eppstein’s data structure makes it easy to find
k shortest paths to every single node in the graph, whereas
REA focuses on one specific destination node.

ThesekSP algorithms are fast. In our numerical exper-
iments the runtime of finding up to 1,000 shortest paths
between two nodes is no more than four times the runtime
of Dijkstra’s single shortest path algorithm.

Both EA and REA are centralized since they require in-
formation about the entire graph and build data structures
based on it. To find thek shortest paths in a distributed
way, we extend the Bellman-Ford algorithm and record up
to k paths ordered by length at each node. This extended
algorithm, called thek-Bellman-Ford (kBF) algorithm,
takesO(knm) steps in the worst case andO(k log k) time
within each step.

The speed ofkSP algorithms makes it attractive to in-
tegrate them into algorithms for the DCLC problem. The
integration is straightforward, if not trivial, for the follow-
ing reasons. First, thekSP algorithms are extensions of
the shortest-path algorithms such as Dijkstra or Bellman-
Ford, which form the core of many current heuristic meth-
ods for the DCLC problem. Therefore, thekSP algo-
rithms can easily replace and play the role of Dijkstra’s
shortest path algorithm.

Second, all the heuristic methods first reduce the path
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space, and then find the optimum within the reduced
space. This procedure may happen recursively, until a
satisfactory suboptimal path is found. Dijkstra’s shortest
path algorithm can serve in either part of each recursion.
For example, in DCUR [10], the path space is narrowed
by leaving only two choices at each node, the least cost
link and the least delay link, both derived from Dijkstra’s
algorithm; in LARAC [5], Dijkstra’s algorithm is used in
each recursion of the heuristic to find the “shortest” path
based on a single metric that linearly combines the cost
and delay.kSP algorithms provide more candidate paths
than Dijkstra’s algorithm, and can find a larger subset of
the Pareto set with paths not on the boundary of the convex
hull. In the next two sections, we discuss the integration
in more detail, and construct thekSP based algorithms.

III. C ENTRALIZED kLAM A LGORITHM

The linearly aggregated metric(LAM) method is an
efficient heuristic method because the aggregated single
metric translates the DCLC problem into a shortest path
problem. The heuristic recursively minimizes an aggre-
gated metric function,

mλ = c + λ · d,
for given λ, and finds the minimizing path, denoted̂pλ.
The parameterλ represents how much weight is put on
the delay metric. Ifd(p̂λ) > ∆delay, we increaseλ to
increase the importance of the delay metric inmλ.

As discussed, finding more than one shortest paths
is helpful to the heuristic. LetPλ be the set ofk
shortest path for givenλ in terms of theλ-metric, i.e.,
Pλ = {p1, p2, ..., pk}, with mλ(p1) ≤ mλ(p2) ≤ ... ≤
mλ(pk) ≤ mλ(p), p /∈ Pλ. Let P ′

λ be the (possibly
empty) subset of paths inPλ that satisfy the delay con-
straint, i.e.,P ′

λ = {p ∈ Pλ : d(p) ≤ ∆delay}. We intro-
duce a bound functionB(λ) based onPλ that leads to the
kLAM solution.
Definition: Let L(λ, p) be the Lagrangian defined by

L(λ, p) = mλ(p) − λ∆delay

= c(p) + λ(d(p) − ∆delay). (3)

The bound functionB(λ) is defined as

B(λ) =

{
L(λ, pcmin), if P ′

λ = φ

L(λ, p′cmin
), otherwise

(4)

where
pcmin = arg min

p∈Pλ

c(p),

p′cmin
= arg min

p∈P ′
λ

c(p).

For givenλ, the path that achievesB(λ) is called the
chosen pathatλ, denoted bypλ. According to the value of
∆delay, the setPλ can be classified into three types. The
first type contains no feasible path that meets the delay
constraint, i.e.P ′

λ is empty. We call it thepc-type. The
second type consists of paths that are all feasible, called
thepd-type. In this caseP ′

λ = Pλ. Sets of the third type
have both feasible and unfeasible paths and are called the
mixed type.

B(λ) is related to the Lagrange functionL(λ) in [5],

L(λ) = min
p∈P (s,d)

L(λ, p). (5)

AlthoughB(λ) loses some good properties ofL(λ) such
as continuity and concavity, it lower bounds the objective
function.
Proposition 1: B(λ) is a lower bound to the DCLC

problem for allλ ≥ 0. Moreover,B(λ) is a better lower
bound than the Lagrange functionL(λ).
Proof: Let p∗ be the optimal solution to the DCLC prob-
lem. If p∗ ∈ Pλ, Pλ is either ofpd-type or mixed type. In
both casesp∗ minimizes the cost metric of feasible paths
in Pλ, soB(λ) = L(λ, p∗). On the other hand, ifp∗ /∈ Pλ,
for anyp ∈ Pλ, mλ(p) ≤ mλ(p∗), soB(λ) ≤ L(λ, p∗).
Thus for allλ ≥ 0,

B(λ) ≤ L(λ, p∗)
= mλ(p∗) − λ∆delay

= c(p∗) + λ(d(p∗) − ∆delay) ≤ c(p∗).

Since the chosen path does not necessarily minimizemλ,

L(λ) ≤ B(λ). (6)

�
Maximizing the bound functionB(λ) will give the best

lower bound to the optimal path. Finding the maximal
value

B∗ = max
λ≥0

B(λ) (7)

and the maximizingλ∗ form a well-defined optimization
problem. Problem (7) is thekLAM approximation of the
original DCLC problem.

Figure1 shows an example ofB(λ) whenk=2. Each
path p yields a straight line in the figure with slope
(d(p) − ∆delay) and interceptc(p). Lines with positive
slopes represent paths that are not feasible, while lines
with negative or zero slopes are feasible paths. Theλ
space can be divided based on the type ofPλ. In the ex-
ample, smallλ values correspond toPλ of pc-type. Asλ
increases,Pλ becomes mixed, and ends up withpd-type,
representing the increasing dominance of the delay met-
ric. Note that in this example the solutionλ∗ to problem
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Fig. 1: This figure shows theB(λ) curve (k = 2) in thick line.
Each thin straight line represents the Lagrangian of a path. Ob-
serve thatB(λ) is always greater than or equal toL(λ), which
minimizes the Lagrangian at allλ.

(7) is located at the boundary ofpc-type and mixed type
areas.

In the example of Figure1, the optimal path, which is
p4 since it has the smallest intercept among the feasible
paths, cannot be found no matter whatλ is taken. How-
ever, if we increasek from 2 to 3, p4 will become the
chosen path atλ∗∗. This example illustrates thatkLAM is
able to find paths closer to the optimum by increasingk,
and leads to the following proposition.
Proposition 2: Let Pλ,k be thek shortest paths and

Bk(λ) be the bound. ThenBk(λ) ≤ Bk+1(λ).
Proof: Let pk+1 be the (k+1)st shortest path atλ so that
Pλ,k+1 = Pλ,k ∪{pk+1}. The chosen path ofPλ,k+1 is ei-
ther the chosen path ofPλ,k or pk+1. In either caseBk(λ),
the Lagrangian for the chosen path, is less than or equal
to Bk+1(λ).
�

Note that the bound functionB1(λ), with k=1, is the
Lagrange functionL(λ). Propositions 1 and 2 together
yield the theorem below, which provides theoretical sup-
port for thekLAM algorithm.
Theorem:Bk(λ) gives a better lower bound to the op-

timal objectivec(p∗) ask increases, i.e.,

L(λ) = B1(λ) ≤ ... ≤ Bk(λ) ≤ Bk+1(λ) ≤ c(p∗). (8)

ThekLAM algorithm is described as follows. The algo-
rithm recursively callsDijkstra andkSP subroutines, with
parameterss representing the source node,d the destina-
tion node, andλ the linear aggregation coefficient. Recall
that p̂λ andpλ are respectively the shortest path and the
chosen path atλ.

Given G, s, d, and ∆delay

λc = cost-only
p̂λc = Dijkstra(s, d, λc)

if d(p̂λc) ≤ ∆delay, then return p̂λc

Pλc = kSP(s, d, λc)
if Pλc is mixed type, then return pλc

λd = delay-only
p̂λd

= Dijkstra(s, d, λd)
if d(p̂λd

) > ∆delay , then return failed
Pλd

= kSP(s, d, λd)
if Pλd

is mixed type, then return pλd

repeat
λ = c(pλc )−c(pλd

)

d(pλd
)−d(pλc )

Dijkstra(s, d, λ)
Pλ = kSP(s, d, λ)
if Pλ is mixed type, then return pλ

else if Pλ is pc-type, then λc = λ

else if Pλ is pd-type, then λd = λ

end repeat

The first two iterations ofkLAM work on the cost and
delay metric separately. They correspond toλ = 0 and
λ = ∞ so thatkLAM can deal with extreme cases where
the delay constraint is too big or too small. Though simi-
lar to a Lagrange relaxation method, thekLAM algorithm
differs in two respects. First, it replaces themλ-minimal
path with thePλ set containing up tok shortest paths
at each step of the heuristic. Second, it relaxes the stop
condition to be anyλ that makes the correspondingPλ

a mixed type. The following proposition shows that al-
thoughkLAM is a relaxed version of problem (7), it al-
ways outperforms the conventional Lagrange relaxation
method.

Proposition 3:Let λL maximizeL(λ) function andpL

be the solution of the Lagrange relaxation method such
thatL(λL) = L(λL, pL). Let λ be any value that makes
Pλ a mixed type and, letpλ be the chosen path. Then
c(pλ) ≤ c(pL).
Proof: BecausePλ is a mixed type, it can be divided into
two non-empty sets, namelyP ′

λ and its complementP c
λ.

Then

pλ = arg min
p∈P ′

λ

c(p).

Let pc
λ be themλ-minimal path amongP c

λ,

pc
λ = arg min

p∈P c
λ

mλ(p).

If pL ∈ Pλ, sincepλ minimizes the cost metric of the
feasible paths, it is straightforward that

c(pλ) ≤ c(pL).

If pL /∈ Pλ, consider the crossing point of the two lines
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representingpλ andpc
λ. Let λ′ = c(pc

λ)−c(pλ)

d(pλ)−d(pc
λ) . Then

L(λ, pL) ≥ max(L(λ, pλ), L(λ, pc
λ))

≥ L(λ′, pλ)
≥ L(λL) = L(λL, pL).

The last inequality is due to the definition ofL(λL), which
must be smaller than or equal to any crossing point of a
feasible path and a non-feasible path. Now we have the
following inequalities:


L(λL, pL) ≤ L(λL, pλ)
L(λ, pL) ≥ L(λ, pλ)
L(λ, pL) ≥ L(λL, pL)

, (9)

or 


c(pL) + λL · d(pL) ≤ c(pλ) + λL · d(pλ)
c(pL) + λ · d(pL) ≥ c(pλ) + λ · d(pλ)
λ ≤ λL

. (10)

The result of (10) is thatc(pλ) ≤ c(pL), which proves the
proposition.
�

The running time of the algorithm is affected by both
the number of steps during the heuristic and the compu-
tation within each step. It is shown in [5] that LARAC,
which applies the Lagrange Relaxation method, termi-
nates afterO(m log3 m) steps. SincekLAM uses the
same method to calculateλ and has a relaxed stop con-
dition, this time complexity applies to it, too. On the
other hand, the computation of each step consists of build-
ing a heap-ordered data structure, finding firstk paths,
and sorting these paths. The total work adds up to
O(m + n log n + k log k) time. Therefore, the worst case
time complexity ofkLAM algorithm isO(m log3 m·(m+
n log n + k log k)).

It is hard to analyze the optimality of the paths found
by kLAM. One can always build a graph so thatkLAM
fails to find the optimum. However, by simply increasing
k at the expense of longer running times, it seems most
constructed graphs are solvable. Therefore it is more rea-
sonable to evaluate the optimality of the algorithms on real
graphs, as in SectionV.

IV. D ISTRIBUTED kDCBF ALGORITHM

ThekLAM algorithm is inherently centralized, because
it uses Eppstein’skSP algorithm and replaces Dijkstra’s
algorithm. To solve DCLC in a distributed way, we in-
troduce the well-known Bellman-Ford message exchange
mechanism and develop a hop-by-hop algorithm. The

idea, following the CBF algorithm, is to extend possi-
ble paths to promising downstream nodes. This hop-by-
hop method applies a completely different search strategy
on the Pareto set compared with the Lagrange relaxation
method.

The DCUR algorithm [10] is a simple instance using
this idea. In DCUR, each node of the graph maintains
two outgoing links that represent least cost (LC) and least
delay (LD) paths to the destination noded, respectively.
These two choices are found in advance using any short-
est path algorithm. The DCUR algorithm starts from the
source nodes, and repeats until it reaches the destination
or fails. At each nodeu, DCUR tests the LC link first and
checks if the delay is feasible, i.e., if

delay(s, u) + d(eLC) + dLD(v, d) ≤ ∆delay, (11)

wheredelay(s, u) is the sum of the delay metric along the
DCUR path froms to u, eLC = (u, v) is the LC link, and
dLD(v, d) is the delay of the LD path fromv to d. DCUR
then selects the LC link if test (11) succeeds, otherwise
the LD link is selected. The selected link extends the path
and DCUR moves to the downstream node of that link.

Test (11) plays a key role in DCUR algorithm, as well
as in the proposedk Delay-Constrained Bellman-Ford
(kDCBF) algorithm. We call (11) the delay test. To
achieve the optimal path,kDCBF keeps a set of promis-
ing, feasible paths at each node. When these paths are
extended to downstream nodes, the delay test will help to
determine feasibility. Nodes need to know the delay to the
destination for the delay test. Obviously, a set ofk short-
est delay paths is more helpful than only the shortest one.
These sets can be prepared in advance by the distributed
k-Bellman-Ford (kBF) algorithm.

The rest of this section describes thekDCBF algorithm.
In kDCBF, each nodeu maintains two sets of paths for an
(s, d) pair. The first set,P d

u , containskd shortest delay
paths fromu to d. The second set,P c

u, contains up tokc

paths froms to u in the shortestaggregate costmetric,
defined by

agg cost(ps,u) = c(ps,u) + min
pu,d∈Pd

u

d(ps,u)+d(pu,d)≤∆delay

c(pu,d).

(12)
It can be seen that all paths inP c

u pass the delay test. Dur-
ing the time thatkDCBF is running, theP c

u set is periodi-
cally updated, while theP d

u set remains constant.
As the names suggest,kDCBF is similar to CBF in

that both record more than one path at every interme-
diate node. The difference is that the number of paths
held bykDCBF is bounded, but can grow exponentially
in CBF. This bound restricts the total number of update
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messages needed before the path between(s, d) is con-
structed and makes the algorithm polynomial. To esti-
mate the worst case time complexity, suppose thekDCBF
algorithm needsO(kcmn) update messages like in the
kBF algorithm. With each received message, the node
does the delay test, calculates the aggregate cost for each
path, merges new paths toP c

u, sorts them, and trun-
cates the set to form an updatedP c

u. All this computa-
tion takesO(kckd + kc log kc) time. Moreover, it takes
O(k2

d log kdmn) time to build theP d
u sets at each nodeu.

Therefore, the time complexity of thekDCBF algorithm
is O((k2

ckd + k2
c log kc + k2

d log kd)mn).

V. NUMERICAL EXPERIMENTS

Two measures evaluate the performance of the DCLC
algorithms: optimality and complexity. Algorithms trade-
off between them. For example, CBF guarantees opti-
mality but runs in exponential time. Since it is difficult
to evaluate these measures analytically, we use numerical
experiments instead.

A. Experiment Setup

The algorithms are implemented in C++. The experi-
ments are run on a Linux PC. We compare the behavior of
the implemented algorithms with the following measures.
• Average Excess Cost: Since CBF provides the opti-
mal paths, we can calculate the excess cost each heuristic
method introduces, defined as

excess cost =
c(palg) − c(pCBF )

c(pCBF )
× 100%. (13)

• Average Number of Steps (NOS): Number of steps is
defined differently for different heuristic methods. For
linearly aggregated metric methods, NOS is the number
of differentλ’s that are used. For algorithms of Bellman-
Ford style, NOS measures how many update messages are
sent between neighbors.
• Average Runtime: The runtime in seconds is the most
straightforward complexity measure. However, this is
only a rough measure of the time complexity, because it
depends on the programming language, code efficiency,
and running environment.

For the experiments we randomly generate graphs with
an average node degree of four. Two models are used to
generate the graphs. The mesh graphs are generated by a
rectangular mesh model, with nodes on the grids. The
Waxman graphs are generated by the Waxman method
[12], in which nodes are generated randomly on a two-
dimensional plane of size 40×40, and there is a link be-
tween two nodesu andv with probability

p(u, v) = α · e−d(u,v)/(βL). (14)

here0 < α, β ≤ 1, d(u, v) is the Euclidean distance be-
tweenu andv, andL is the maximum distance between
any two nodes. The cost metrics of the links are uniformly
distributed between (0,15). The delay metrics, however,
are differently generated in the two models. The delay
metrics of mesh graphs are uniformly distributed between
(0,30), independent of link costs. The delay metrics of
Waxman graphs are the the link length plus a random
number between (0,5). The second model is also called
the flat topology model of Internet, representing computer
networks without hierarchical structure. For both models,
the graphs are link-symmetrical, meaning that if there is a
link from nodeu to v, there will also be a link from node
v to u with the same cost and delay metrics.

During the experiments we calculate the delay metrics
of the least cost path and the least delay path for a graph.
The delay constraint is then chosen to be

∆delay = 0.75 · d(pLD) + 0.25 · d(pLC), (15)

preventing the DCLC problem from being trivial.

B. Performance Evaluation

Besides the CBF algorithm, which gives the optimal
DCLC path, the experiments also include LARAC and
DCBF algorithms. The LARAC algorithm follows the
Lagrange Relaxation method exactly. Both LARAC and
DCBF can be viewed as versions ofkLAM and kDCBF
with k=1. We now study the performance of the proposed
algorithms. The statistics are based on 100 randomly gen-
erated graphs of 400 nodes with the mesh and Waxman
models. The results are listed in Table1. As expected,
the kSP based algorithms outperform theirk=1 counter-
parts. For mesh graphs, the average excess cost is less
than 0.1%, while for Waxman graphs, this measure is lit-
erally zero, showing that bothkLAM and kDCBF almost
always find the optimal DCLC paths.

At the same time,kLAM and kDCBF are both effi-
cient. ThekLAM algorithm experiences 40-60% fewer
steps than LARAC. This result follows the analysis in
SectionIII that kLAM relaxes the stop condition of the
heuristic. The runtime ofkLAM is therefore only slightly
greater than LARAC. ThekDCBF algorithm pays rela-
tively more for optimality. The average NOS is almost
doubled ask increases from 1 to 10. Combined with
the extra work of path ordering in each step,kDCBF
is about 4-6 times slower than DCBF. Nevertheless, the
complexity ofkDCBF is acceptable compared with CBF
that needs up to tens of thousands of steps to find the op-
timal paths in graphs of the same size.

When the graph size increases, thekSP based algo-
rithms scale well. Figure2 shows how the graph size
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Mesh
graphs

avg excess cost
(%)

max excess cost
(%)

avg number of
steps (NOS)

avg runtime
(sec)

LARAC 2.118 23.087 6.76 0.0761
kLAM 0.058 2.812 3.14 0.097
DCBF 12.486 46.036 602.37 0.0317
kDCBF 0.033 2.767 1025.4 0.2422

Waxman
graphs

avg excess cost
(%)

max excess cost
(%)

avg number of
steps (NOS)

avg runtime
(sec)

LARAC 2.291 38.89 3.9 0.119
kLAM 0 0 2.18 0.126
DCBF 0.068 6.791 431.52 0.048
kDCBF 0 0 891.47 0.166

TABLE 1: Performance of the DCLC algorithms on different graph models. The statistics are based on
100 randomly generated graphs of 400 nodes. Thek parameters ofkLAM is k = 100, and forkDCBF,
kc = kd = 10.
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Fig. 2: Average NOS as the graph size increases. The statistics
are based on 10 randomly generated graphs by two different
models. Thek parameters are same as they were in Table1

affects the NOS of the heuristics. Each point in Fig-
ure 2 represents the average NOS of a group of ten ex-
periments on graphs of certain size. The NOS increments
are actually much smaller than the polynomial bounds
given in SectionIII andIV. For thekLAM algorithm, the
NOS remains small throughout the experiments. For the
kDCBF algorithm, this quantity increases in proportion
to the graph size. The observation is further strengthened
by an extra group of experiments on 10,000 nodes mesh
graphs (100-by-100 grid), generating average NOS values
4.6 forkLAM, and 18,427 forkDCBF. The average run-
times are 6.21 and 6.29 seconds, respectively. Note that
the different graph models have little effect onkDCBF,
but for kLAM, this is not the case – the NOS values are
steadily larger on mesh graphs than on Waxman graphs.
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Fig. 3: Pareto set of the DCLC problem on a 900 nodes mesh
graph (30-by-30 grid), with an enlarged portion on the top right.
Each point represents the cost and delay metrics of a path. The
points with circled star are those paths on the convex hull of the
Pareto set.

C. Nonconvexity of the Pareto Set

In this subsection we show some experiments that ex-
plore the Pareto sets, and illustrate why it is hard to find
the optimal DCLC paths using Lagrange relaxation. The
difficulty comes from the nonconvexity of the Pareto set.

Figure3 shows the Pareto set of the DCLC problem on
a 900 nodes mesh graph, where the small figure in the top
right corner shows the enlarged portion in the box. The
Pareto set is not convex but the degree of nonconvexity
is small. To find the optimal DCLC path on this graph
with the delay constraint of 470, the Lagrange relaxation
method, which can only search the convex hull, would
find a pathp = (255.6, 453.2), where the two numbers in
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Fig. 4: Pareto set of the DCLC problem on a two-layer mesh
graph. The two layers, both consisting of a 30-by-30 grid, are
connected only at the source and destination nodes on two di-
agonal corners. Point representation in this figure is same as in
Figure3.

the parenthesis represent(cost, delay) respectively. This
is the lowest dark-circled point in the enlarged portion.
However, thekSP basedkLAM algorithm may be able
to find the optimal pathpopt = (251.5, 463.8), the fourth
point above the previous one. The error introduced by
the nonconvexity is 4.1 out of 251.5, or 1.63%, which is
small. However, this is not always the case. Notice that
the convex hull points are sometimes separated widely
from each other. In Figure3, the next convex hull point
to the right ofp is p′ = (281.3, 401.7). The difference in
cost is about 25 and the error is up to 9.9%.

The degree of nonconvexity can be larger. In Figure4
we show the Pareto set on a specialized two-layer mesh
graph. Both layers of the graph consist of a 30-by-30
grid. The two layers are connected only at two diagonal
corner nodes, which are also the source and destination
nodes. Since the two layers are isolated, the Pareto set
is a subset of the union of the Pareto sets with respect to
each layer. Illustrated in Figure4, the Pareto set divides
at about(200, 800) into two branches, each coming from
the Pareto set of one layer. Thus, the two nearby convex
hull points,(130.5, 939.9) on the left and(243.3, 481.9)
on the right, generate a gap of 112.8 in cost, correspond-
ing to an error up to 86.4%.

Obviously, because of the strong nonconvexity of the
Pareto set, the Lagrange relaxation method performs
poorly. EvenkLAM, an enhanced version of Lagrange
relaxation method, can hardly improve the result. How-
ever, the hop-by-hopkDCBF algorithm is not affected.
This is easy to understand becausekDCBF stores promis-
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Fig. 5: This figure shows howk parameters affect the perfor-
mance of thekDCBF algorithm. The results are average of 10
randomly generated mesh graphs of 400 nodes. Thex-axis is
thek parameters withkc = kd = k.

ing paths at each intermediate node, and the existence
of the other layer doesn’t destroy this information. Take
the delay constraint to be 800. The LARAC algorithm
finds apLARAC = (243.3, 481.9), the first convex hull
point to the right.kLAM returns an improvedpkLAM =
(227.6, 551.0). ThekDCBF algorithm easily reaches the
optimalpkDCBF = (185.1, 800.0).

VI. CHOICE OFk

Intuitively, when the graph size increases, the number
of paths between nodes increases. We should increase the
k parameter correspondingly so that the algorithms keep
tracking the paths and are able to find the optimum. Of
course, the runtime will also increase. Figure5 justifies
this guess. By increasingk from 1 to 12, thekDCBF
algorithm is able to find the optimal paths of 400-node
mesh graphs. The increments of NOS with respect tok
are much less than the given polynomial bounds.

The results of Figure5 introduce new concerns about
the optimality and complexity of the proposed algorithms.
The analysis in previous sections are based on fixedk pa-
rameters. For example,k = 100 for kLAM and kc =
kd = 10 for kDCBF are used throughout the experiments
in last section. Thesek values are carefully chosen so
that they are good for graphs of hundreds of nodes. For
graphs with tens of nodes, evenk = 1 is very likely to
find the optimum, But for large graphs with hundreds of
thousands of nodes, although running CBF is not prac-
tical, there is evidence thatk=100 is not adequate to find
solutions close to the optimum. This leads to the question:
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Fig. 6: This figure shows how the graph size affects optimalk
parameters of thekDCBF algorithm. The results come from
statistics of 30 randomly generated mesh graphs. They-axis is
the optimalk such thatkc = kd = k.

how to choose thek parameter according to the model and
size of graphs?

Theoretical analysis can partially answer this question.
Graph theory defines anumber of biconnected compo-
nentsfor graphs. A biconnected component is a maxi-
mal subgraph that cannot be disconnected by deleting any
node. Thus, the number of biconnected components mea-
sures the degree of connectivity of a graph. For mesh
graphs, this quantity is always one, while for Waxman
graphs, it is much larger. According to [14], for 100-
node, 175-link Waxman graphs, the number of bicon-
nected components varies from 5 to 30. Generally speak-
ing, the larger the number of biconnected components a
graph bears, the fewer the choice of different paths, there-
fore a smallk would suffice. Looking back at the results
listed in Table1, we find that the DCBF algorithm (k = 1)
works well for Waxman graphs of 400 nodes.kLAM,
however, doesn’t have a similar behavior. Thus although
the number of biconnected components of graphs has im-
plications for thek parameters, there is no explicit rela-
tionship between them.

The number of biconnected components says little
about the effect of graph size onk, for which we need
new measures. Define theoptimal k to be the smallest
k for which thekSP based algorithms find the optimal
DCLC paths. Numerical experiments on mesh graphs in-
dicate how the optimalk changes as graph size increases.
Figure6 shows the statistics of the optimalk’s on groups
of 30 experiments of different graph sizes. The three plots
represent the maximum, 90% boundary and average of the
30 optimalk’s. The result provides guidelines on how to

choosek parameters when using thekDCBF algorithm
on mesh graphs. For example, ifk follows the triangle-
marked line, we expect to find the optimal DCLC paths
with a probability of 0.9.

It seems that the optimalk doesn’t increase very rapidly
with the graph size, at least for graphs of hundreds of
nodes. We can easily find a polynomial function that
bounds the the optimalk from above. For the example
in Figure 6, define a linear functionk = n/60 + 10/3
(shown as the dotted line above the 90% curve). We can
assert that, with a probability of 0.9, thekDCBF algo-
rithm is able to find the optimal DCLC paths on mesh
graphs of no more than 1,000 nodes. The time complexity
of this specifickDCBF algorithm is thenO(mn4). The
same analysis can be applied tokLAM as well as graphs
of different models and sizes.

VII. C ONCLUSION

In this paper we proposed two new algorithms to solve
the DCLC problem. These algorithms, centralizedkLAM
and distributedkDCBF, combine thekSP algorithms and
efficient heuristic methods. The algorithms are polyno-
mial. Although the DCLC problem isNP -complete, nu-
merical experiments suggest that the algorithms almost al-
ways find the optimal DCLC paths with suitably chosenk
parameters.

We studied the effect of changingk parameters, espe-
cially when the graphs have different models and increas-
ing sizes. We introduce an experimental method that sug-
gests how to choosek.

Future work includes extending these algorithms
to solve Multiple Constrained Optimization Routing
(MCOR) problem, where the paths have to satisfy more
than one constraints. The extension is not trivial because
of the following reason. In DCLC, finding a feasible path
only requires solving a shortest delay path problem. In
MCOR, however, finding a feasible path requires solving
an MCP problem, which isNP -complete by itself. Of
course, thekSP algorithms will continue to play impor-
tant roles in these extensions.
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