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Abstract— The Delay Constrained Least Cost (DCLC) to find a path through atolled road network that takes min-
problemiis to find the least cost path in a graph while keep- imum time subject to a constraint on the total toll.
ing the path delay below a specified value. First formu-  \1qre apstractly, in a finite state system with states
lated in the context of routing in computer networks, the control u, two cost functions:(z, «) and d(z, u), initial

DCLC model also applies to mission planning and other de- d final ish to find |
cision problems. DCLC is NP-complete and therefore many states and final statei, one may wish to find a contro

heuristic algorithms have been proposed for it. This paper Sequence, - - -, u, that steers the system fronto d and

presents two new methods based ok-Shortest-Path ¢:SP) minimizes) c(x;, u;), keepingy_ d(z;,u;) < A. This,

algorithms. These heuristic methods, one centralized and too, is a DCLC problem.

one distributed, are both polynomial. In numeri_cal experi-_ The Pareto setof non-dominated paths illustrates the

ments the proposed algorithms almost always find the opti- difficulty in finding the optimal DCLC path. A path

mal paths. is dominatedif there exists another pafpi that is better

thanp in one metric, and not worse with respect to the

. INTRODUCTION other metric. The optimal DCLC path must belong to the

Conventional routing protocols characterize networkareto Set. Heuristic methods for the DCLC problem gen-
links by a single metric, such as hop count; Dijkstra’s a?_rally find a promising subset of the Pareto set and then

gorithm and the Bellman-Ford algorithm find the shorteSElect the optlmu'm within the'subset. For exar.nple., the
path based on the metric. For routing with explicit qual-29range relaxation method finds paths that minimize a
ity of service (QoS) requirements, the link model also irfonvex combination of cost and delay, and so it can only
cludes parameters such as bandwidth, cost, delay, and f§&4 Paths that are on the boundary of the convex hull of
probability. Routing is then more complicated becauselfte Paréto set, which may not include the optimal path
must find paths that satisfy multiple constraints. because of non-convexity.

The Delay Constrained Least Co$2CLC problem
characterizes network links by two metrics, cost and de- _
lay. The link cost may be a monetary cost or a meastffe PCLC Problem Formulation

of link utilization such as hop count. The link delay usu- The network is modeled as a directed, connected graph
ally consists of the propagation and queuing delay. Dify — (v, £), whereV is the set of nodes anfl C V x V
ferent link metrics may represent different QOS requirgs the set of directed links. Let = |V| andm = |E| be
ments. Most of these metrics are additive: the total metiige number of nodes and links. Each link is characterized
of a path is the sum of link metrics along the path. Thg, 5 coste(e) and a delayi(e), both nonnegative.

problem of finding a path subject to two or more additive Given a source node € V, a destination nodé € V,

metrics isV P-complete []. __and a positive delay constraift;;,,, the DCLC problem
The DCLC formulation also models some deCISIO|’§.

making and mission planning problems. For example, in )
planning a robot's path through a hazardous environment el (5.d) c(e)- @
one may want to find the shortest path subject to a con- ecp

straint on the total risk incurred’]. Another example is Here P/(s, d) is the set of paths from to d for which

This research was supported by DARPA-N66001-00-C-8062 aHd€ €nd-to-end delay is bounded BYe;q,. With P(s, d)
DARPA-F33615-01-C-3150. denoting the set of all paths frosito d, a pathp € P(s,d)



belongs taP’(s, d) if Il. k-SHORTESFPATH ALGORITHMS

Zd(e) < Adelay- ) Shortest path problems are widely studied. Dijkstra’s
algorithm finds the shortest paths from a source node to

every other node iO(nlogn) time. In this paper, we

are interested not only in the shortest path, but inkhe

lated: Given two or more additive link metrics, the MC|§hortest paths between nodes, to better explore the Pareto

problem is to find a feasible path (or paths) that satisfi{gé' iAgIgggithms for shortest paths were first proposed in

a constraint for each metric. Because no metric is opti- i ) .

mized, some believe that MCP, althoughP-complete, The aSV_mPtO_“Ca”V fastest- know-@P a!gonthm Is due

is simpler than DCLC. tp Eppstein in {]. After running Dijkstra’s algorithm to
find a shortest path tree rooted at the source node, Epp-

B. Previous Work stein’s algorithm (EA) builds a heap-ordered data struc-

ture representing all possible deviations from the shortest

paths. Building this data structure tak@$m + nlogn)

ecp

As noted, the DCLC problem & P-complete §].
The Multiple Constraints Pat{MCP) problem is re-

The Constrained Bellman-FordCBF) routing algo-

rithm proposed by Widyono in1[3] solves the DCLC F _
problem and gives the optimal path. CBF performs time. Thekth shortest path can then be derived by travers-

breadith-first search and records all paths that are feasf@ € heap, i) (log k) time. So EA has almost the same
but not dominated. Thus CBF searches the entire Parlifge complexity as Dijkstra’s algorithm. _
set. Unfortunately, CBF has exponential worst-case com-Jimenez and Marzal later proposed Recursive Enu-
plexity because the size of the Pareto set grows expon8ifration AlgorithmREA,) []. At stepk, REA maintains
tially. a set of candidate paths, denotég(v), in whichv is the
To solve the DCLC problem in polynomial time, thedestination node. Théth shortest patlp; from source
proposed algorithms use heuristics and take approxini@-v is the shortest path itVy.(v). To find the(k + 1)st
tions. As a simple and fast initial approach, Lee et7al [ Shortest path, REA removes, from Cy(v) and inserts
propose aFallback algorithm that tries each of the met.deviation paths ofy, to form Cj 1 (v). Although REA
rics and checks whether it is feasible. Pornavalai et auiresO(m +klog(m/n)) time in the worst case, REA
[9] improve upon this idea by combining paths calculate@itperforms EAin practice, especially for smallOn the
with the different metrics. Th®elay Constrained Uni- Other hand, Eppstein’s data structure makes it easy to find
cast Routing DCUR) algorithm by Salama et al (] lets % shortest paths to every single node in the graph, whereas
each node choose between least cost and least delay pBffé focuses on one specific destination node.
independently of the choice of the previous node. ThesekSP algorithms are fast. In our numerical exper-
The other type of algorithms beginning with Jaffg | iments the runtime of finding up to 1,000 shortest paths
first construct a single metric and then use a shortest-p&gfween two nodes is no more than four times the runtime
algorithm. Juttner et al inj] propose a Lagrange relax-Of Dijkstra’s single shortest path algorithm.
ation based method (LARAC) that linearly combines cost Both EA and REA are centralized since they require in-
and delay. Wang and Crowcroft ]| propose non-linear formation about the entire graph and build data structures
combinations. None of these algorithms guarantees th@sed on it. To find thé shortest paths in a distributed
optimal solution. way, we extend the Bellman-Ford algorithm and record up
This paper presents two new methods to DCLC. Tlie k paths ordered by length at each node. This extended
underlying idea is to use-Shortest-PathkSP) algorithms  algorithm, called thek-Bellman-Ford (kBF) algorithm,
so that the methods have more than one choice at e&@kesO(knm) steps in the worst case addk log k) time
step of the heuristics, thereby exploring a larger subsgithin each step.
of the Pareto set. The proposed algorithms are polyno-The speed okSP algorithms makes it attractive to in-
mial. Moreover, in the numerical experiments reporteig¢grate them into algorithms for the DCLC problem. The
here they almost always achieve the optimal solution. integration is straightforward, if not trivial, for the follow-
The remainder of the paper is organized as follows. Ing reasons. First, theSP algorithms are extensions of
Sectionll, we describe thé&SP algorithms and how wethe shortest-path algorithms such as Dijkstra or Bellman-
use them. In Sectiolil andIV, we describe the two pro- Ford, which form the core of many current heuristic meth-
posed methods, and analyze their complexity. Sedfionods for the DCLC problem. Therefore, the&SP algo-
presents the numerical experiments. Sectibrfurther rithms can easily replace and play the role of Dijkstra’s
discusses the relationship between optimality an8ec- shortest path algorithm.
tion VIl concludes the paper. Second, all the heuristic methods first reduce the path
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space, and then find the optimum within the reduced For given), the path that achieveB () is called the
space. This procedure may happen recursively, untilchosen patkat A, denoted by, . According to the value of
satisfactory suboptimal path is found. Dijkstra’s shortesX ., the setP, can be classified into three types. The
path algorithm can serve in either part of each recursidirst type contains no feasible path that meets the delay
For example, in DCURT(], the path space is narrowedconstraint, i.e.P; is empty. We call it thep.-type. The

by leaving only two choices at each node, the least casicond type consists of paths that are all feasible, called
link and the least delay link, both derived from Dijkstra’'she ps-type. In this case’, = Py. Sets of the third type
algorithm; in LARAC [5], Dijkstra’s algorithm is used in have both feasible and unfeasible paths and are called the
each recursion of the heuristic to find the “shortest” pathixed type.

based on a single metric that linearly combines the costB(\) is related to the Lagrange functidi(\) in [5],

and delay.kSP algorithms provide more candidate paths .

than Dijkstra’s algorithm, and can find a larger subset of L(A) = peP(sd) L p). (5)

the Pareto set with paths not on the boundary of the convex

hull. In the next two sections, we discuss the integratigthough B(A) loses some good properties bfA) such

in more detail, and construct th&P based algorithms. @S continuity and concavity, it lower bounds the objective
function.

Proposition 1: B(A) is a lower bound to the DCLC

I[1l. CENTRALIZED KkLAM A LGORITHM X
_ _ _ problem for all\ > 0. Moreover,B(\) is a better lower
The linearly aggregated metri¢LAM) method is an bound than the Lagrange functidri\)

effici_ent heuristic method because th_e aggregated singli%of: Let p* be the optimal solution to the DCLC prob-
metric translates the DCLC prpblem |_nt.o a shortest pafé}n. If p* € Py, P, is either ofpy-type or mixed type. In
problem. The hegnstlc recursively minimizes an ag995th case®* minimizes the cost metric of feasible paths
gated metric function, in Py, SOB(A) = L(\,p*). Onthe other hand, #* ¢ Py,
my =c+\-d, foranyp € Py, my(p) < mx(p*), SOB(A\) < L(A,p*).
Thus for allA > 0,

for given A, and finds the minimizing path, denotgg.
The parametei represents how much weight is put on
the delay metric. Ifd(py) > Ageray, WE increase\ to = mx(P") — Melay
increase the importance of the delay metrieig. = ¢(p") + Md([P") — Adelay) < c(p¥).

As discussed, finding more than one shortest paths
is helpful to the heuristic. LetP, be the set ofk Since the chosen path does not necessarily minimige
shortest path for giver\ in terms of theA-metric, i.e., L) < BO\). ©6)
Py = {p1,p2, .-, P}, With my(p1) < my(p2) < ... < N
mx(pr) < ma(p), p ¢ Py Let P{ be the (possibly O
empty) subset of paths iR that satisfy the delay con- Maximizing the bound functiod (\) will give the best
straint, i.e.,P, = {p € Py : d(p) < Ageiay}- We intro- lower bound to the optimal path. Finding the maximal
duce a bound functiof(\) based orPy that leads to the value
kELAM solution. B* = max B()\) (7)

B(A) < L(ApY)

Definition: Let L(\, p) be the Lagrangian defined by A0
and the maximizing\* form a well-defined optimization
L(A,p) = ma(p) — Melay problem. Problem7) is thekLAM approximation of the

= ¢(p) + Ad(p) — Adelay)- (3) original DCLC problem.
Figure 1 shows an example dB(\) whenk=2. Each

The bound function3() is defined as path p yields a straight line in the figure with slope
P (d(p) — Ageiay) and intercepie(p). Lines with positive
B(\) = L\ Peynin ) 1T Py __¢ (4) slopes represent paths that are not feasible, while lines
L(\ pe,,.,), otherwise with negative or zero slopes are feasible paths. Xhe
where space can be divided based on the typé’qf In the ex-

i ample, small\ values correspond tB), of p.-type. As\

Penin = 819 ;2;2 c(p); increases P, becomes mixed, and ends up wijtlrtype,
p. = arg min c(p). rgpresenting the iqcreasing dominanc_e of the delay met-

min peEP; ric. Note that in this example the solutiorf to problem



if d(px.) < Ageray, then return py,
Py, = kESP(s,d, \.)

if Py_ is mixed type, then return pj,
Aq = delay-only

P, = Dijkstra(s, d, \q)

if d(Pr,) > Adetay, then return failed
Py, = kSP(s,d, A\q)

if Py, is mixed type, then return p,,

R-type ' mixed type Rrtype repeat

P7 ) = Cea)=clpay)
Pi o - . ‘ A = d(pr,)—d(pa.)
A A Dijkstra(s, d, \)

Py = kSP(s,d, \)

Fig. 1: This figure shows th8()\) curve ¢ = 2) in thick line. i .
if Py is mixed type, then return p)

Each thin straight line represents the Lagrangian of a path. Ob-

serve thatB()\) is always greater than or equal£¢\), which else if Py is pc-type, then Ac = A
minimizes the Lagrangian at all else if Py is pg-type, then \y = A
end repeat

The first two iterations okLAM work on the cost and
delay metric separately. They correspondite= 0 and
In the example of Figura, the optimal path, which is A = oo so thatkLAM can deal with extreme cases where

pa since it has the smallest intercept among the feasitifi® délay constraint is too big or too small. Though simi-
paths, cannot be found no matter whais taken. How- lar to a Lagrange relaxation method, #leAM algorithm

ever, if we increase: from 2 to 3, p, will become the differs i_n two respects. Firs_t,_ it replaces thg-minimal
chosen path at**. This example illustrates that AM js  Path with the P, set containing up td: shortest paths
able to find paths closer to the optimum by increasing at each step of the heuristic. Second, it relaxes the stop
and leads to the following proposition. condition to be any\ that makes the correspondirg,
Proposition 2: Let Py, be thek shortest paths and?@ mixed type. The following proposition shows that al-
By()\) be the bound ThéBk()\) < Bri(\) thoughkLAM is a relaxed version of probleni), it al-
Proof: Let py..1 be the {+1)st shortest path at so that ways outperforms the conventional Lagrange relaxation

(7) is located at the boundary gf-type and mixed type
areas.

P g1 = PyxU{pry1}. The chosen path dfy ;. is ei- method.

ther the chosen path &, ;. or py.1. In either caseB;. (1)), Proposition 3:Let A\, maximizeL(\) function andpy,

the Lagrangian for the chosen path, is less than or eqfi§l the solution of the Lagrange relaxation method such
10 B 1(A)- thatL(\r) = L(\z,pr). Let A be any value that makes
- P, a mixed type and, lep, be the chosen path. Then

Note that the bound functiom; (A), with k=1, is the ¢(Px) <clpr). _ S
Lagrange functionL()). Propositions 1 and 2 together”r00f: BecauseP is a mixed type, It can be divided into
yield the theorem below, which provides theoretical sup¥0 non-empty sets, namely, and its complement.

port for thekLAM algorithm. Then
Theorem: By () gives a better lower bound to the op- px = arg min c(p).
timal objectivec(p*) ask increases, i.e., pePy

L(A) = Bi(\) < ... € Br(\) < Bip1(A) < c(p®). (8) Let p§ be them-minimal path among-y,

ThekLAM algorithm is described as follows. The algo- p$ = arg min m,(p).
rithm recursively callDijkstra andkSP subroutines, with pePy
parameters representing the source nodkthe destina- . o _
tion node, and the linear aggregation coefficient. Recallf Pz € P, sincepy minimizes the cost metric of the
that p,, andp,, are respectively the shortest path and tHgasible paths, itis straightforward that
chosen path at.

Given G, s, d, and Ageiay c(pa) < c(pr).

Ac = cost-only

Px. = Dijkstra(s, d, \.) If pr ¢ Py, consider the crossing point of the two lines



representing, andps. Let X' = %_ Then idea, following the CBF algorithm, is to extend possi-
PAITERY ble paths to promising downstream nodes. This hop-by-
L\, pr) > max(L(\py), LA pS)) hop method applies a completgly different search strategy
> LN, py) (r)nne;tﬂgdPareto set compared with the Lagrange relaxation
> L(AL) = L(Ar,pL)- :

The DCUR algorithm (] is a simple instance using

The lastinequality is due to the definition bfr), which this idéa. In DCUR, each node of the graph maintains
must be smaller than or equal to any crossing point of'Wo outgoing links that represent least cost (LC) and least

feasible path and a non-feasible path. Now we have #gla2y (LD) paths to the destination noderespectively.
following inequalities: These two choices are found in advance using any short-

est path algorithm. The DCUR algorithm starts from the
L(Ar,pr) < L(AL,py) source node, and repeats until it reaches the destination
LOwpr) > L\ py) 7 @ Of fails. .At each noqla, DQUR t_ests'the LC link first and
checks if the delay is feasible, i.e., if
L(A\,pr) = L(AL,pL)

or delay(s,u) +d(erc) +drp(v,d) < Agejay,  (11)

e(pr) + Az - d(pr) < e(pa) + Az - d(p) wheredelay(s, u) is the sum of the de_‘lay metric_ along the
DCUR path froms to u, er.c = (u,v) is the LC link, and
o(pr) + A+ d(pr) = c(pr) + A~ d(py) - (10) drp(v,d) is the delay of the LD path fromto d. DCUR
A< AL then selects the LC link if testL{) succeeds, otherwise
the LD link is selected. The selected link extends the path
and DCUR moves to the downstream node of that link.
Test (L1) plays a key role in DCUR algorithm, as well
The running time of the algorithm _is_aﬁected by botisDIgI;E)e zflé%?i?ﬁﬁf ?ﬁ?é;ﬁ;f;ﬁ:geddelzilItrgz[n .IF.(; rd
th? num'be_r of steps dunng the heUI’.IS‘tIC and the comp, chieve the optimal patikDCBF keeps a set of promis-
tan_on W'th'r.] each step. [t is shown n_-][that LARAC, ing, feasible paths at each node. When these paths are
which applies the 3Lagrange Rela_lxatlon method, ter xtended to downstream nodes, the delay test will help to
nates afterO(mlog”m) steps. SinceLAM uses the determine feasibility. Nodes need to know the delay to the
same method to calculateand has a relaxed stop CONYestination for the delay test. Obviously, a setahort-

dition, this time compleglty applies o it too: On th? t delay paths is more helpful than only the shortest one.
other hand, the computation of each step consists of bu'fcfiese sets can be prepared in advance by the distributed
ing a heap-ordered data structure, finding fitspaths,

. k-Bellman-Ford gBF) algorithm.

and sorting these pathg. The total work adds up ©The rest of this section describes #RCBF algorithm.
Q(m +nlog nt klog k) time. Therefore, thegworst €858n KDCBF, each node maintains two sets of paths for an
time complexity ofiLAM algorithm is O (m log™m-(m+ 'y pair. The first setPd, containsk, shortest delay

nlogn + klogk)). gaths fromu to d. The second sef?¢, contains up td:.

The result of £0) is thatc(py) < ¢(pr), which proves the
proposition.
O

It is hard to analyze the optimality of the paths foun , v :
aths froms to u in the shortestggregate costnetric,
by KLAM. One can always build a graph so thdtAM e ggreg

: ) . : ) ._defined b
fails to find the optimum. However, by simply increasing y
k at the expense of longer running times, it seems MQgfy_cost(ps.,,) = c(ps.a) + min c(Pu.d)-
constructed graphs are solvable. Therefore it is more rea- Pu,d€ P

sonable to evaluate the optimality of the algorithms on real d(psu)Fd(Pu,a) SAdelay

graphs, as in Sectiov. (12)

It can be seen that all paths kf pass the delay test. Dur-
ing the time thakDCBF is running, theP¢ set is periodi-
IV. DISTRIBUTED kDCBF ALGORITHM cally updated, while thé&¢ set remains constant.

ThekLAM algorithm is inherently centralized, because As the names suggestDCBF is similar to CBF in
it uses Eppstein’«SP algorithm and replaces Dijkstra'shat both record more than one path at every interme-
algorithm. To solve DCLC in a distributed way, we indiate node. The difference is that the number of paths
troduce the well-known Bellman-Ford message exchanbeld by kDCBF is bounded, but can grow exponentially
mechanism and develop a hop-by-hop algorithm. Tiwe CBF. This bound restricts the total number of update



messages needed before the path betwegd) is con- here0 < «, 5 < 1, d(u,v) is the Euclidean distance be-

structed and makes the algorithm polynomial. To estweenu andv, and L is the maximum distance between

mate the worst case time complexity, supposekDEBF any two nodes. The cost metrics of the links are uniformly
algorithm need€0(k.mn) update messages like in thalistributed between (0,15). The delay metrics, however,
kBF algorithm. With each received message, the nodee differently generated in the two models. The delay
does the delay test, calculates the aggregate cost for emdtrics of mesh graphs are uniformly distributed between
path, merges new paths t8¢, sorts them, and trun- (0,30), independent of link costs. The delay metrics of
cates the set to form an updatéf. All this computa- Waxman graphs are the the link length plus a random
tion takesO(k.kq + kclog k.) time. Moreover, it takes number between (0,5). The second model is also called
O(kg log kgmn) time to build theP? sets at each node the flat topology model of Internet, representing computer
Therefore, the time complexity of tHeDCBF algorithm networks without hierarchical structure. For both models,

is O((k2kq + k2 log k. + k3 log kq)mn). the graphs are link-symmetrical, meaning that if there is a
link from nodew to v, there will also be a link from node
V. NUMERICAL EXPERIMENTS v to u with the same cost and delay metrics.

Two measures evaluate the performance of the DCLCDuring the experiments we calculate the delay metrics
algorithms: optimality and complexity. Algorithms tradeof the least cost path and the least delay path for a graph.
off between them. For example, CBF guarantees opfihe delay constraint is then chosen to be
mality but runs in exponential time. Since it is difficult
to evaluate these measures analytically, we use numerical Qdelay = 0.75 - d(prp) +0.25 - d(prc), (15)

experiments instead. preventing the DCLC problem from being trivial.

A. Experiment Setup B. Perf Evaluati
The algorithms are implemented in C++. The experl-’ eriormance Evaluafion

ments are run on a Linux PC. We compare the behavior of5€sides the CBF algorithm, which gives the optimal
the implemented algorithms with the following measure®CLC path, the experiments also include LARAC and
o Average Excess CosSince CBF provides the opti- DCBF algorithms. The LARAC algorithm follows the

mal paths, we can calculate the excess cost each heuris@igrange Relaxation method exactly. Both LARAC and
method introduces, defined as DCBF can be viewed as versions dfAM and kDCBF

(pats) — cf ) with k=1. We now study the performance of the proposed
c(paig) — clpcsr) 100%.  (13) algorithms. The statistics are based on 100 randomly gen-
c(pcer) erated graphs of 400 nodes with the mesh and Waxman

. models. The results are listed in Taldle As expected,
e Average Number of Steps (NOSumber of steps is : : :
defined differently for different heuristic methods. Fotrhe #SP based algorithms outperform théil counter

linearl reated metric methods. NOS is the n mbpz?lrts. For mesh graphs, the average excess cost is less
early aggregate etnc methods, s he nu t%an 0.1%, while for Waxman graphs, this measure is lit-

of different \'s that are used. For algorithms of BeIIman-erally zero, showing that botiLAM and sDCBF almost

Ford style, NOS measures how many update messages vR/eaLys find the optimal DCLC paths.
sent between ne!ghbors. Lo _ At the same timekLAM and £DCBF are both effi-
o Average RuntimeThe runtime in seconds is the mOSEient. ThekLAM algorithm experiences 40-60% fewer
straightforward complexity measure. Hovyever, this i§Ieps than LARAC. This result follows the analysis in
only a rough measure of th_e time complexity, becfigseégctionlll that kLAM relaxes the stop condition of the
depends_on the_ programming language, code eﬁ'c'enf:izfuristic. The runtime otLAM is therefore only slightly
and running env_lronment. F]eater than LARAC. Th&DCBF algorithm pays rela-
Forthe experiments we randomly generate graphs w |¥eg more for optimality. The average NOS is almost

an average node degree of four. Two models are use Egubled ask increases from 1 to 10. Combined with
e

exrcess_cost =

generate the graphs. The mesh graphs are generated L% ira work of path ordering in each StéfDCBF

rectangular mesh model, with nodes on the grids. T .
9 9 IS about 4-6 times slower than DCBF. Nevertheless, the
Waxman graphs are generated by the Waxman metho . : :
. . complexity of kDCBF is acceptable compared with CBF
[17], in which nodes are generated randomly on a twg- i

. . . . . at needs up to tens of thousands of steps to find the op-
dimensional plane of size 4310, and there is a link be- . . :
tween two nodes andv with probabilit timal paths in graphs of the same size.

v P y When the graph size increases, 8P based algo-

p(u,v) = o - e~ 4w/ (L), (14) rithms scale well. Figur@ shows how the graph size



Mesh avg excess cost| max excess cos} avg humber of | avg runtime
graphs (%) (%) steps (NOS) (sec)

LARAC 2.118 23.087 6.76 0.0761

kLAM 0.058 2.812 3.14 0.097

DCBF 12.486 46.036 602.37 0.0317

kDCBF 0.033 2.767 1025.4 0.2422
Waxman avg excess cost| max excess cosf avg number of | avg runtime
graphs (%) (%) steps (NOS) (sec)

LARAC 2.291 38.89 3.9 0.119

kLAM 0 0 2.18 0.126

DCBF 0.068 6.791 431.52 0.048

kDCBF 0 0 891.47 0.166

TABLE 1: Performance of the DCLC algorithms on different graph models. The statistics are based on
100 randomly generated graphs of 400 nodes. Arparameters okLAM is k£ = 100, and forkDCBF,

k. = kq = 10.
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Fig. 2: Average NOS as the graph size increases. The statiskgs. 3: Pareto set of the DCLC problem on a 900 nodes mesh
are based on 10 randomly generated graphs by two differgnaph (30-by-30 grid), with an enlarged portion on the top right.
models. Thek parameters are same as they were in Table  Each point represents the cost and delay metrics of a path. The
points with circled star are those paths on the convex hull of the
Pareto set.
affects the NOS of the heuristics. Each point in Fig-
ure'2 represents the average NQS of a group'of ten e " Nonconvexity of the Pareto Set
periments on graphs of certain size. The NOS increments
are actually much smaller than the polynomial bounds In this subsection we show some experiments that ex-
given in Sectiorll andIV. For thekLAM algorithm, the plore the Pareto sets, and illustrate why it is hard to find
NOS remains small throughout the experiments. For thge optimal DCLC paths using Lagrange relaxation. The
kDCBF algorithm, this quantity increases in proportiodifficulty comes from the nonconvexity of the Pareto set.
to the graph size. The observation is further strengthened-igure3 shows the Pareto set of the DCLC problem on
by an extra group of experiments on 10,000 nodes mesB00 nodes mesh graph, where the small figure in the top
graphs (100-by-100 grid), generating average NOS valugght corner shows the enlarged portion in the box. The
4.6 for kLAM, and 18,427 forkDCBF. The average run- Pareto set is not convex but the degree of nonconvexity
times are 6.21 and 6.29 seconds, respectively. Note tisasmall. To find the optimal DCLC path on this graph
the different graph models have little effect 8BCBF, with the delay constraint of 470, the Lagrange relaxation
but for kLAM, this is not the case — the NOS values areethod, which can only search the convex hull, would
steadily larger on mesh graphs than on Waxman graphéind a pathp = (255.6,453.2), where the two numbers in
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Fig. 4. Pareto set of the DCLC problem on a two-layer mestg. 5: This figure shows how parameters affect the perfor-
graph. The two layers, both consisting of a 30-by-30 grid, areance of theiDCBF algorithm. The results are average of 10
connected only at the source and destination nodes on twomdindomly generated mesh graphs of 400 nodes. 2Fagis is
agonal corners. Point representation in this figure is same ashiak parameters withk, = k5 = k.

Figure3.

ing paths at each intermediate node, and the existence
the parenthesis represeiabst, delay) respectively. This of the other layer doesn’t destroy this information. Take
is the lowest dark-circled point in the enlarged portiorthe delay constraint to be 800. The LARAC algorithm
However, thekSP basediLAM algorithm may be able finds aprarac = (243.3,481.9), the first convex hull
to find the optimal patlp,,; = (251.5,463.8), the fourth Point to the right. XLAM returns an improvegy.,an =
point above the previous one. The error introduced K¥27.6,551.0). The kDCBF algorithm easily reaches the
the nonconvexity is 4.1 out of 251.5, or 1.63%, which i@Ptimalpxpcpr = (185.1,800.0).
small. However, this is not always the case. Notice that
the convex hull points are sometimes separated widely
from each other. In Figur8, the next convex hull point VI. CHOICE OFk
to the right ofp is p’ = (281.3,401.7). The difference in

_ ; Intuitively, when the graph size increases, the number
cost is about 25 and the error is up to 9.9%.

of paths between nodes increases. We should increase the
The degree of nonconvexity can be larger. In Figlire; parameter correspondingly so that the algorithms keep
we show the Pareto set on a specialized two-layer maghcking the paths and are able to find the optimum. Of
graph. Both layers of the graph consist of a 30-by-3burse, the runtime will also increase. Fig@rgustifies
grid. The two layers are connected only at two diagongdis guess. By increasing from 1 to 12, thekDCBF
corner nodes, which are also the source and destinati@gorithm is able to find the optimal paths of 400-node
nodes. Since the two layers are isolated, the Pareto ggish graphs. The increments of NOS with respedt to
is a subset of the union of the Pareto sets with respectgi@ much less than the given polynomial bounds.
each layer. lllustrated in Figu the Pareto set divides The results of Figuré introduce new concerns about
at about(200, 800) into two branches, each coming frompe optimality and complexity of the proposed algorithms.
the Pareto set of one layer. Thus, the two nearby convepe analysis in previous sections are based on fixea-
hull points, (130.5,939.9) on the left and243.3,481.9) rameters. For examplé; = 100 for kKLAM and k. =
on the right, generate a gap of 112.8 in cost, correspond-— 10 for k\DCBF are used throughout the experiments
ing to an error up to 86.4%. in last section. Thesé values are carefully chosen so
Obviously, because of the strong nonconvexity of thbat they are good for graphs of hundreds of nodes. For
Pareto set, the Lagrange relaxation method performsaphs with tens of nodes, evén= 1 is very likely to
poorly. EvenkLAM, an enhanced version of Lagrangdind the optimum, But for large graphs with hundreds of
relaxation method, can hardly improve the result. Howhousands of nodes, although running CBF is not prac-
ever, the hop-by-hogDCBF algorithm is not affected. tical, there is evidence that=100 is not adequate to find
This is easy to understand beca&&8CBF stores promis- solutions close to the optimum. This leads to the question:



= choosek parameters when using théCBF algorithm
- 30% boundary on mesh graphs. For example kiffollows the triangle-
marked line, we expect to find the optimal DCLC paths
with a probability of 0.9.

It seems that the optiméldoesn't increase very rapidly
| with the graph size, at least for graphs of hundreds of
nodes. We can easily find a polynomial function that
bounds the the optima from above. For the example
in Figure 6, define a linear functiok = n/60 + 10/3
(shown as the dotted line above the 90% curve). We can
] assert that, with a probability of 0.9, thédCBF algo-

rithm is able to find the optimal DCLC paths on mesh

. ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ graphs of no more than 1,000 nodes. The time complexity
R s om0 B of this specifickDCBF algorithm is therO(mn*). The

same analysis can be appliedkibAM as well as graphs
Fig. 6: This figure shows how the graph size affects optitnal ¢ gifferent models and sizes.
parameters of thé DCBF algorithm. The results come from
statistics of 30 randomly generated mesh graphs.yFaes is
the optimalk such that,. = k4 = k. VIlI. CONCLUSION

optimal k

In this paper we proposed two new algorithms to solve
how to choose thé parameter according to the model aane DQ‘C_: problem. These allgorlthms, centrgll M
size of graphs? and distributedcDCBF, combine thé&SP algorithms and

efficient heuristic methods. The algorithms are polyno-

Theoretical analysis can partially answer this questiolq1ial Although the DCLC problem i&7 P-complete, nu-

Graph theory defines aumber of biconnected COMPOyerical experiments suggest that the algorithms almost al-

nentsfor graphs. A biconnect.ed component is a MaXFays find the optimal DCLC paths with suitably chogen
mal subgraph that cannot be disconnected by deleting

, ameters.
node. Thus, the number of biconnected components meay, . <, died the effect of changirigparameters, espe-

sures the degree of connectivity of a graph. For meér}:\lly when the graphs have different models and increas-

graphs, this quantity is always one, while for Waxmapy . i;os \we introduce an experimental method that sug-
graphs, it is much larger. According t64], for 100- ests how to choose

node, 175-link Waxman graphs, the number of bicon- Future work includes extending these algorithms

nected components varies from 5 to 30. Generally spe%- solve Multiple Constrained Optimization Routing

ing, the larger the number of biconnected component l\?{COR) problem, where the paths have to satisfy more

graph bears, the fewer the ch0|ce_of different paths, the fan one constraints. The extension is not trivial because
fore a smallk would suffice. Looking back at the results

f the followi _In DCLC, finding a feasible path
listed in Tablel, we find that the DCBF algorithmi(= 1) 1 ¢ o orvind feason. in » Inding a teasib'e pa

only requires solving a shortest delay path problem. In
works well for Waxman graphs of 40(.) nodesLAM, COR, however, finding a feasible path requires solving
however, doesn’t have a similar behavior. Thus althou

) an MCP problem, which igV P-complete by itself. Of
the number of biconnected components of graphs has '&'urse, thekSP algorithms will continue to play impor-

pllcatlt_)ns for thek parameters, there is no explicit rela;[am roles in these extensions.
tionship between them.

The number of biconnected components says little
about the effect of graph size dn for which we need S
new measures. Define tloptimal k to be the smallest [1] D. Eppstein, “Finding the k shortest pathsSIAM Journal on

. . . . Computing vol. 28, no. 2, pp.652-673, 1998.
k for which the kSP ,based a'go”thms find the OptlmafZ] M.R. Garey and D.S. Johnson, “Computers and Intractability: A
DCLC paths. Numerical experiments on mesh graphs in- Guide to the Theory of NP-Completenessty.H. Freeman and
dicate how the optimat changes as graph size increases. CompanyNew York, 1979.
Figure6 shows the statistics of the optimik on groups [3] J. Jaffe, “Algorithms for finding path with multiple constraints”,

. . . Networksvol. 14, pp.95-116, 1984.

of 30 experiments _Of dlfferer;t graph sizes. The three pl V.M. Jimenez and A. Marzal “Computing the K Shortest Paths: A
represent the maximum, 90% boundary and average of theneyw Algorithm and an Experimental Comparisohécture Notes

30 optimalk’s. The result provides guidelines on how to  in Computer Sciengaol. 1668, pp.15-29, 1999
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